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PREFACK 



. The experiments contained in the 

fourth part of this treatUe, and feme of 
theie in the tlurd^ have been the fubjedt 
of a public h&WQf which I have occa- 
fionally delivered, for about twenty years. 
-—At the requeft of many <tf my hearers, 
I have made it public i and have prefixed 
a few problems on circular inotion, &c. 
For in order to know the powers of dif- 
ferent wheels, or which is belt able to 
oyercomc ant bUlacle, it is ncceflary to 
knew their central forces* 

Where 



vi THE PREFACE. 

« 

Where different powers are couiparccl, 
a$ in Prob. xii, &cc.^ they are fuppofed to 
adl upon the wheel, while they defcend 
through the fame fpace. When a wheel 
or fly,.of any given weight or magnitude, 
has received a given degree of velocity, 
no more power is required to . continue' 
that velocity, than what is liiificient to 
overcome the fridlion. Yet if it moves 
. twice as fail, it will require four times 
the former power to continue that motion; 
hence, one would be apt to infer, that the 
fridion increafes with the fquare of the 
velocity. — In a water-wheel, the fame 
power is not conftant ; for the fame par- • 
tides a<5l upon the wheel during only , a 
part of a revolution ; their places are con« 
itantly fuppUed, or they are fucceeded by 
others which adl for their time, &c. i 
hence, a water-wheel foon acqiures an 
uniform velocity. 

In the fecond part, the third problem 
has three fohitions ; the two firft on prin-. 

■ 

cipks the molt common, but not perfe^ljF • 

juft; 
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THE PREFACE, Vii 

jiifl:; biat as they are fufficiently near in 
pradlice, and much eafier than the third, 
they are continued till the eighth problem, 
incluiiYe, which) in fa<5i, is but one pro- 
blem, for the fourth, &c. are illuflradons 
of .the theorems drawn from the third, 
and ought rather to have been examples. 
In this, a^ well as in many of the follow- 
ing problems, I have endeavoured to ihew 
tihe impoflibility of a given power pro- 
ducing ^lore than a given effedl, or 6£ 
raifing more than a certain quantity of 
Water, weight, &c. to a given altitude, in 
a limited time. For, in this cafe, combi- 
nations of niiachinery afford no afliftance, 
but the contrary. For if one pound in 
one fcale cannot raife one pound in the 
ocheYy we ihall get nothing by fufpending 
a weight from the circumference of a 
wheel, in order to raife a greater at the 
circumference of its axle. For if the ma- 
chine is fo conflrudled that one pound 
will raife ten pounds, the pound muft de- 
fcend more than ten times as fail as the 
other rifes, and of confequence it muft 

defcend 



ddcend more than ten iucceffive times 

through a given ipace, to raife ten pounds 
dirough the fame ipace. 

* It is true, that we have in the kingdom 
many intelligent. engineers, and excellent 
mechanics ; and there are others who can 
execute better than they can defign, othcr- 
wiie there would not have been ib much 
money expended in attempting what men 
of iiuence know to be impoffible. 

When a man tells me he can conftruA 
a water-wheel in fiich a manner chat, 
when once put in motion, it {hall raife 
w^ter to keep itielf moTingi or that he 
has conftru(5led a pump in fuch a manner^ 
that one man may do the work 'of ten, 
$CC0 1 pay the iame attention to him, ai 
if he told me he could create a fyftem of 
. worlds, and command diem to inow» 
Or, is he leis to be credited who fays he 
can communicate perpetual moiiiMi ti 
dead matter } Both are indicedly iayingf 
I can reverfe tl^e laws of nature* .... \ 
x-:, • Many 
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Maay of the probkms in this part are 
wiended not only to prove that a given 
power can only produce a given cSFc£if 
but at the fame time to demontVrate what 
the greateit efiedl is, which a given power 
can produce* For a power is often applied 
in fuch a manner as to caufe the effect to 
fall fliort of the maximum, as demon- 
ftrated in the third problem,, when the 
time is given, and in die thirty-iifth, &;c., 
when the ipace is given, where it appears, 
that if the power and rejQftance be equally 
diilant from the center, in cafe of a max- 
immn, or when the power produces the 
greateit poilible effe(5l, the former will be 
to the latter as looo to 6i8. Or if the 
pow€F be applied ten times as far from 
the center as the rcfiftance, when reduced 
diey will be as looo to 659, the weight 
of the machine not coniidered, for which 
fte Prob. XXX VI I, xxxviii, &c. When 
the . power and reiiftance are both given, 
by i^rob. xxx, a machine may be con- 
ftfudted^ by which the power lhali produce 
the greateft effeCl in a g^ven time. 

b In 
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In the third part, the experim^tt on 

effluent water differ confiderably from 
any theory ; and, contrary to expeiflation, 
more water is diicharged, in proportion, 
from fmall than from large apertures. 
— ^The quantity through fmall holes, I 
have endeavoured to afcertain, by difler- 
ent procelTes, all of which bring out 
nearly the fame concluhons. And though 
I have had much praAice*in making 
periments, I have not trufted entirefy 
to my ov^^n obfervations, but have been 
ai]i{led in the whole, by one cht mofie 
gentlemen well accj^uainted with the fub- 
jeA. At Coventry, by th^ Rev; Mf*. 
Banks, of Monks Kirkby, by Meifrii. 
Balnes, Watfon, Decas, &c., of Liverpool, 
1>y Mr. Prieftley, and Mr. Peckover, of 
Bradford, by my eldefl fon, and by my 
wife, who, though a womauy is perhaps as 
accurate in making experiments in phi- 
lolbphy, and fome branches of chymiftry, 
as moft of men.— Upon the whole, I pt'e* 
fume the rules contained in this part, for 
finding the quantity of water difcharged 

in 
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ia a, givien time, will be found fufiici- 
cntly accurate in pradlice. 

. However fatisfadlory mathematical rca- 
loQjjig may be to fome, yet experimental 
jroof is delirable, and, to many, mucii 
more Ifo than the former; and without 
e3:perifQent8, we often want ^ta to realgn 
from# But if we have certain principles, 
the ^om:lufion$ drawn therefrom will pften 
ftiBTer conGderably from experiment, or 
lather the experiment from the theory. 
Eor the theory fuppofes the bodies to 
move in free fpace, without fridlion, or 
atyy kind of refiftance ; but as thefe im- 
pediments cannot be entirely removed* 
the expeiiments cannot perfectly coincide 
with the theory, though in fome cales 
come exceedingly near. 

Jii the fourth part, the experiments on 
qircular motion^ &c. are iufficiently ac- 
cijurate to prgve the truth, of the theory, 
and the utility thereof, when applied to 
die. coaftru<5tion of machines* I have 

b 2 thought . 
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the preceding theory aud experiments a 
ZLecelTary introdu<5tioii to tb^ piincipal 
fubjecl, the experiments on wheels, &c; j * 
in which I have endeayoured to invefiigate^ 
th^ truth, without a view to fupport any ^ 
particular fyilem, featimcnti>, ar opinion. 
And if fome of the experiments happen to;; 
iecommend any conllrucUon or applica* 
tipA different to t&e pradlice of fome pro* 
feflijoaal men, k might be well to isnqukft? 
into the foundation of their.- praclice^w 
whether it is fupported by experimMktey. 
or whether it reiU upon the opiiiions of r 
their predeceilbrs. To reft fatisfied witih 
the opinions of others, however great their 
reputation, tends much to retard the prcH 

gref3 of knowledge; £of «rror is oStsa 

found in high places. 

It will not be expedled that I fliould 
attempt to inftni6fc the mechanic how to 
form his cogs, divide the wheelS| propor« 
tion their diameters, bevels, &c., as num«« 
bers of men may be found who can, both 
plan and execute thefe parts well. The 

chief 
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chief end in view is, how to make the 
moft of a given ftream ; and wtkat ^the'- 
apexiiiients recommend, has long lince^ 
been put in praAice, with acknowledged • 
advantage-^If this treatife, oui'proportioii \ 
to its fale, proves equally ufefol with the i 
public leAure, I fluU be fatisfied. 

To conclude, if, through miftake, I have 
advanced any diing erroneous m diebiry, 
or drawn any £sUfe conclufions from the 
cij>eriments, I hope thofe who difcover 
them win candidly correA them. 

» " . ' • 

* • • • » • 

Jia. a9, 1795. 
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A TREATISE ON MILLS. 



PART L 

OF THE LAWS OF CIRCULAR MOI'ION:, THE 
RATIOS OF PROJ£CTIL£ AND CENTRIFUGAL 
FORCES, THE PERIODIC TIME8, &C* 



FIG. I. 

IN the larger circle ^ 

D AD the diameter in feet» 
V z= AC the projedtle force $ or orbit velocity 
in feet. 

A zz Bc = AE the fpacc through which the 
body would -nove towards the center, while it 
is defcribing ac, or the central force compared 
vith the projectile. 

B F = BC 



s PART FIRST. 

F = fic the centrifugal force compared with 
gravity, or with the weight of the revolving 
body, when on the furface of the earth. 

T = the periodic time, or time of a revolu- 
tiony in feconds^ 

p = the time defcrtbing ae or ac. 

s r= i6 feet, the fpace through which a body 
falls in I fecond. 

^ = 3.1416, the circumference of a circle^ 
when the diameter is i. 

In the leiier circle 

d = ad the diameter. 

V =r ac the yelocity. 
a^ae the central force, &c* 
fzzaezubc. 

/ = the time of a revolution. 

Every body in motion endeavours to move 
in a ftraight line ; the force which caufes it to 

leave that line is called the centripetal^ and the 
refiftance which it afibrds, the centrifugal force. 

I. If a body at a, moving towards b, is drawn 

to c ; Bc reprefents the centrifugal force^ and ak 
the centripetal forcCy which are equal, and as ae 
is to AC, fo is the centrifugal to the projectile 
force, or circular velocity. 

a. From the property of the circle^ 
As AD : AC : : AC : AE =: — = A. 
_ Or, As D : V :: V :,^ = A. 3. And 
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ON CENTRAL FORCES. | 

3. And in equable motion it will be. 
As the time of a revolution is to the cir- 
cumference of the orbit, fo is any other time to 
the fpace paffed over in that time ; or fo i$ 1 

fccond to the velocity per fccond, 

nop 

Viz. As T : Dj' ::j> : = v. 
And by fubftituting ^ for its equal ac or v 
have. As d : ^ ;: ^ : ^ = ae z= a. 



Or, As D : V :: v : — = ae = a. 

4. Alfo, As : ft :: >* : the fpace 
through which a body near the furface of the 
earth would fall in the titne 

5. Then, to compare the centrifugal force 
wiA the gravity, or weight of the revolving 
body, which pat = i. 

It will be. As sp* : ae :: i : = f. 

Or, As s/>* : ^ I : — » = F. 
Or, As s^* : — : : I : —r = f. 

• ^ D SDJ> 

« 

When the central force is equal to the weight 
of the body, — ^ = i, and s/* = 16, if / =: i 
fccond i alfo a =: s« . 

B 1 From 



Digiiizea by C^OOgle 



4 PART FIRST- 

From thcfe proportions we obtain the follow- 
ing Tlieorems : 



Thco» I. A 



Theo. 2. V =; x/ad = ^ = 



FDSi 



TLco. 3- T = r = I = = = 



V t'a spt* 



Theo. 4. P =7 = ^ — p" 



Dy* A'D V 



Theo. 5. F — ^ -jTi — — 7. 

6. If two bodies, in different circles, revolve 
in the fame time, the velocities will be dircdly 

as the diameters of the circles, (t = /.) 

For, As Dg:v (ac) :: dq : v {ac) = 
and. As D : : : V : V = Qi 
And, As AC : ae :: ac : ae. 

AV 

Or, Asv:a 

Or, As V : F : : 1^ : — =/. 
Hence, As v : :: f :/:: d : J. 

From which it appears, that, if the times arc 
equal, the central force is directly a« the diameter* 

7. If 
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7. If V = v, then J}q I dq II T zz U 
Therefore, As d : : : t : /. 
And, As -: T • V V = — . 

?: - ::f:/=: — and bccaufe f is as ^ wc 

have. As F :/:: — : Or, 
As DFZijf :: v**: v% andv:v:: v/Sf: 

And ^ being as v, we have ^s/df ^ ^v^df. 
Or, from the fifth Theorem, if t = /. 
As : ^ :: F :/= 

ST* ST» D- 

Theo. 6. ti = ^ 
Theo. 7. = — 
. Theo* 8. = — 
Theo. Q.fzz^ 

&• If the diameter remains the lame ; or if 
s>=d. 

Then, As : • ^ =/> as ; 

T* :: F :/:: V* : or the central forces, in 
the £3ime circle, arc reciprocally as the fquares 

of 
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•f the times} or diredly as the fquares of the 
Yclocities. 



FT* 



Theo. lo. / = -ji 



Theo. II. / = V" 

/ 

f 

And = ^ (fee Thco. 5.) ^ = rf. 

And, As T* : I* :: D : i/, or T : / :: : ^^iT 

Thco. 12. ^ = ^ when the times are given. 

Theo. f T\/- when the diftances are 
giyen. 



foregoing Theory exemplified, in the folution oj 
varum Problem in circular motion. 

PROBLEM 

- Given the diameter of the orbit, 10 feet, and 
the centrifugal force equal to the weight of the 

revolving body; required the time of a revo- 
^tion, and velocity per kcond i 

In this cafe, a =: s ^ and 7=1 (fee Art. 5.) 

In 
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In Theo.3. webaye t zzjx/j^zz $.1416^12 

= 2.4818''; and per Theo. 2, v = ?2 = liii^ 
=: v^FDS = y^i6o =: 12*6491. 



PROBLEM 11; 

Given the time of a revolution, 3 feconds, 

the central force, i ; required the diilance, and 
velocity? 

J = 3- 1 Theo. 4- i> = ^ = = 14.59 

feet ; half of which is the diftance, 7.«95 feet 
per fecond. 

And V = v^FDs ^ 15*279. 

PROBLEM III. 

* 

Given the diameter and periodic time, to find 
the central force and velocity i 

.- = ;4;59](n,eo.5.)i'=^ = iM=,.. 
T = = 15|32 = fe«. 

PROBLEM IV. 

Given the diameter, 14.59 the ve- 

locity, 15.279, to &id the periodic time and 
central force ? 

. (Pci 



4 PART FIRST. 

(Per Thco. 3.) T = 52 = llM = x". 
' (Per Theo. 5.) f = - = = !• 

^ ^ su 10x14.59 

> 

PROBLEM V. 

Given the diameter, 14.59 f-et, the central 
force equal to twice the weight of ihe Lodyj 
what is the velocity, and time ut'a revolution ? 



- V = v^2FDS = 21.6074 feet per fccond. 

Or if we compare this problem with the laft, 

"we have (8) , . 

As / : F :: t* : /% or / = tv'jl = Sv^j = 
ft. 1 2 &c« 

And, As F :/ :: v* : = 1-4 or v = v^/ L 

= 15*279 X =5 15.279 X I.4I4 &C» = 

fti.6o7. 

PROBLEM VI. 

Let the diameter be 29.18 feet, (twice as 
much as in Prob. iii.) the time of a revolution 
3 feconds \ required the velocity, and central 
force? - . " 

• 
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_»7 91.671 
^~?=— = 30.5572- 

" 8T* 144 

(Art. 6.) As D : :: V : V = ^ = 3o*5S7?* 
Viz. As 14*59.: 29.18 :: 15-279 : 30.5572. 

. Again, As d : 4/ :: ^ :/ = * 

As i4«59 : 29.18 :: i : 2, the centrifugal 

force, the fame as above* 

PROBLEM VII. 

The (tones on which they grind table knives 

at Shcilield, are about 44 inches diameter, and 
weigh about half a ton \ the velocity of the 
farface is at the rate of 1250 yards in a minute, 
equal to 326 revolutions; required the centri- 
fugal force, or the tendency which the ftones 
have to burft ? . 

*D =: 2*44 feet, the diameter of the circle of 
percuffion. 

T = .184 feconds, the time of one revolution* 
T* = .033856* 

Dy* 2.44 X 9.8696 24.0818 

ST* 16 X -0338 &c.""" •54169 44'4S 
times the weight of the ftone, or 22 tons. 

FROBLBM VIII. 

If a fly, 12 feet diameter, and 3 tons weight, 
tevolves in 8 feconds, and another of the fame 

C' weight 
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weight revolves in 3 leconds ; what muft be the 
diameter of the lad, when they have the fame 
centrifugal force ? 

D = 12. 

T 8. 
' =3- 

. And per Theo, la. J5=~=:-^ zr 1.6875 
feet, the diaaneier of the circle of percui&on. 

N. B. As the weight of each fly is the fame, 

it docs not enter into the folution ; but if the 

diameters fliould be the fame, as in the next 
Problem, the weight mud be con(idere4« 

FROfiX<£M IX. 

If a fly, 12 feet diameter, revolves in 8 (b^ 
conds, and another of the fame diameter in 3 

fccoadsj what is the ratios oi their wciglits, 
when the central forces are equal i 

Here, = /, and d =z which put = !• 

And (Art. 8.) when d s= d', we have. As t* : 

T* :: F As 9 : 64 :: i : =: 7^, the cen- 

trifui^al force of the fecond, when they are of 
equal weight. 

And when the dillance and time are the fame,- 
the force is directly as the weight y the weight; 

of 
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of the fecond will therefore be obtsuned by di- 
viding the weight of the firft by ji. 



PROBLEM X. 

If a fly, 2 tons weight, and i6 feet diameter, 
is fuificient to regulate ah engine, when it re- 
volves in 4 feconds ; what muft be the weight 
of one 1 2 feet diameter, when it revolves in 2 
feconds, fo that it may hav6 the fame power 
upon the engine ? 

Here, we have, d zr 16; J z= 12; t 1= 4; 
f = 2 ; F =/; fuppofe d unknown, then, by 

Theo, 12, d = --7 = 4f when the weights arc 

equal, vi^. if the firft is 16 feet diameter, and 
the fecond 4 feet, their centrifugal forces would 
be equal ; but, by the queftion, the fecond is to 
be 12 feet diameter, therefore, (whether it re*- 
volves in a circle of 4 feet or 12 feet, the time 
is 2 feconds) As d : ^ :: f : /, (Art. 6.) viz. 
As 4 : .12 :: I : 3 =/, but / s p. by the quef- 
tion, hence, the central force, and, of confe* 
quence, the weight, is three times too great, 
and the fecond fly ought to be one third of the 

weight of the firft. =: ^ = 13^ cwt. 

Or, the two laft Problems may be folved o- 
therwife. " , 

In Prob. IX. L^t ^i? =: the weight of the fn ft 
fly =z 3 tons. 9C iS: the weight of the fecond. 
C 2 And 
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And (Art. 8.) wc have, t^w = T V, and *f 

'= 1^ = .4218 = 8.43 cwt. =:^' as before. 

In Prob. X. .wc have %^ zz sc zri^tz .6666 

aT 192 

131 cwt. 



PROBLEM XI. 

If a caft-iron fly, 12 feet diameter, and ? tons 
weight, has a fuificient centrifugal force to re- 
gulate the .pui fliaft of a fbrge-hammer, when it 
revolves in 4 feconds ; required the weight of a 
fly, of the fame diameter, that fhall have the 
fame force, when ic revolves in 4 feconds i 

r zz 2; / = 4J DizJ; and iu zz 2^ 

hence, =: * =: the weight fought =i ^ 
8 tons, or four times the weight of the iirft. 

i 

N. B. When the weight of the revolving 
body and time of a revolution remain the fame, 
the central force is diredly as the diftance from 
the center, or as the diameter of the wheel ; 
(fee Theo. 5.) but if the weight increafes with 
the didance, or diameter,, (^d in water-wheels 
it often increafes ;n a greSfcr rario) then, the 
.^ceotTirugal force will be as the fquare of the 

diameter, viz, f is as d\ or as 

' T*' ST* 

. ) ' PROBLEM 
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• < 

Let the centrifugal force of a wheel 6 feet 
diameter, and that of another of 12 feet dia- 
meter, be equal, or, in other words, let the 
impelling power be the fame, and the firft re- 
volve in 5 feconds ; required the time in which 
the fecond revolves i 

« 

Here F=r/; d = 6j ^=12; and T =r 5. 
By comparing Theo. 15. with the note to 

Prob. XI* we get / ^ ^ = 10 feconds. 

PROBLEM Xllf. 

Let the two wheels revolve in the fame time ; 
required the ratio of the impelling powers, or 
the central forces ? 

(Sec Art. 6.) As D* : : : F :/ =: 

Let F = I and -^4* = = 4- 

i>» 36 ^ 

Viz. the 12 feet wheel requires four times as 
much power as the 6 feet wheel, to turn in the 
fame time. 

Otberwife, F = — ; f^-^i; but, AsTs^ 
* =s d\ mdj =: iT i Or, 

As f :/:: 36 : 144 :: i : 4 as before. 

♦ ■ . - • • • 

PROBLEM 



' FART FIRST. 

PROBLEM XIV. 

Given the diameter of a water-wheel^ 12 feet. 
Its weight 2 tons, the time of a revolution 9 

feconds J the diameter of the cog-wheel 10 feet, 
weight 12 cwt. ; diameter of mill-ftone 6 feet» 
weight one ton, time of a revolution fix-tenths 

of a fecond ; required the cci riiiugal force of 
the water-wheel, cog-wheel, and mill-ltone ? 

In the water-wheel, D=:i2;T:t:9;w=r 
40 cwt. And X w =: F =: =: 3.65 cwu 

^ ST* 1296 

In the cog-wheel, d rr 105 t = 9; w =2 12. 

And --Sr = F =r — ^ =: •91. 
tT» 1296 ^ 

In the mill-flone, 0—4 (the diameter of ihc 
circle ot percuilion^) x = .6^ ic; =: 20* Aud 

tT* 5.76 

Water-wheel 3,65 * 

Cog-wheel • - . • .i • ^91 
Sfilkftone 137*00 

Centrifugal force of the whole • 141.56 = 
7 tons i.j6 cwt. 

In the above computation it is fuppofed, that 
the trundle, which tarns the ftone, is itfelf turned 
by the cog-wheel, its diameter therefore could 
not be more than 9 inches, for which reafon, it 
it not taken into the computation. 

PROBLEM 



\ 
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PROBLEM XV, 

Let the water-wheel and cog-wheel be tlie 
fame as in the laft Problem, the diameter of the 
trundle 9-5 feet, its weight 2 ewt. and on th« 
fame axis a cog or fpur-wheel 10 feet diameter, 
and 12 cwt. which turns two trundles each 2.5 
feet diameter, ai^d weight together 4 ewt, the 
ftones turned by them each 5 feet diameter, and . 
weight together 36 cwt. ; required the centru 
fugal force of the whole? 

The central force of the water and cog-whqel, 
as in the lail Problem, is 4.56 cwt. 

The diameter of the eog-wheel, being divided 
by that of the trundle, quotes 4, the number of 
revolutions that the trundle makes for 1 of the 
' water-iwheel, = i turn in 2^ feconds. 

And we may take d | of 2*5 = i*66; t z= 

A J Dy^W 32.774 

9.25; wzzz. And := ? =: ^-j^ .404 
cwt. the force of the trundle. 

In the fpur-wheel, D = to; t = 2.25; w z;: 
I2» And ~ k wz=~^ = 14*6 cwt. the 
force of the fpur- wheel. 

The fecond trundle, or nut, tirill revolve four 
times for the fpur-wheel once, therefore, if we 
divide 2.25, the time in which the latter rgvolves, 

by . 
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by 49 we Ihall haye tlie time in which the trun- 
dle and ftone revolve, =: .562 5 fecond. 

D i,66; T zr .5625; «; = a. And^^rs 

F r= 3*277, which doubled^ gives 6.554, the 
force of the two trundles. 

LaiUy, for the force of the ftones, we have 

D = 3.33 ; T = .5625 w zz i8. And :^ 

F =r 117, which, muUiplied by 2, gives the cen- 
trifugal force of both milUilones, = 234 cwt«L 

Force of the water and cog-wheel 4*56 
Firft trundle - ' - .... ,404 
' Spur-wheel 14.6 
' Second trundles * • » • 6.554 
Mill-ftoiies * . ... 234. . 

Central force of the whole * 250. 1 1 8 cwt» 

It may be obferved, that the power which 
turns the wheel, or wheels, when applied in the 
fame manner, has always the fame ratio to the 
computed central force, and if a given power 
produces the forces computed in this Problem, 
the ratb of the power to tiiro it round, in any 
other time, is cafily obtained, as follows : 

PROBLEM XVi. 

VThat power, compared with the laft} would 

turn the wheel in 12 fecondsf 

Per 
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Per Thco. 10. : t* :: f :/ = 

Viz. As 12* : 9* :: 250 : 140 nearly, or for 
every 2501b. in the (irft caTc, 1 4olb. will be fuf** 

iicient in the fccond. 



Obfervations on the quantity of water required t§ 
produce different velocities^ in the fame wbeel^ or 
train of wheels* 

It has been demonftrated (fee Theo. 5* and 9. 
and Art. 8.) that in the fame wheel, or wheels, 

the force is diredly as the fquare of the velocity: 
viz. if a weight, fufpended by a cord coiled 
round the axis of a wheel, can turn that wheel 
10 times in a minute, it will require 4 times as 
much weight to turn it 20 times in one minute, 
or to communicate a double velocity. But if 
the power is a given ftream of water, the cafe 
will be different. 

Suppofe a wheel it turned 10 times in a mi- 
nute, and that every bucket receives a gallon of 
water (or any other quantity) if it is turned 20 
ttim^s in a minute, a bucket ean receive but half a 
rgallon. Hence the ftream mufl: be doubled to 
i^Lipply every bucket with a gallon. But they 
^ught to f eceive 4 gaU<ms each. Therefore, the 
fireaifi, when doubled, niuft be multiplied hy 4, 
or made 8 times as large as at firfl, to fupply 
the buckets with 4 times the quantity : confe« 
. . D qucntly 
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quently the velocity of the wheel will be as the 
cube root of the quantity of water, when it ads- 
by gravity. 

PROBLEM XVII. 

If a given quantity of water turns the drum, 

kc, of a colion-mill 50 times in a minute ; what 
quantity 'will be required to turn it 40 time^ 
in a minute? 

Here the velocities arc as the number of turns 
made in a given time, viz. as 50 to 40, or as 5 
to 4; the cubes of which are as the quantities 
of water which produce them, viz. 5x5x5 
2r 125, and 4x4x4 = 64. Hence, for every 
1 25 hogfheads in the firft cafe^ 64 will be fuffi- 
cient in the fecond* 

^ 

PROBLEM XVIIl. 

If a given quantity of water turns a wheel 6 

times in a minute ; how often will it be turned 
by double the quantity i 

The velocities being as the cube root of the 
quantities, or as '^/i : 'v^^, viz. as i : 1.2599: 
and as one degree of velocity is to 6 turns, fo is 
1.2599 to 7.5594 per minute, the number of 
turns fought. 



A TREATISE 
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A TREATISE ON MILLS- 



PART II. 

TO INVESTIGATE THE VELOCITY OF A MA- 
CHINS ; THE RATIO OF THE POWER AND 
IISSISTANCE BEING GIVEN. 



PROBLEM I« 



FIG. II. 



LET a weight a be fufpended at one end of 
a cord paffing over a wheel, and a weight, or 
refiftance, x, at the other, to determine the 
fpace paffed over in a given time. 

It is evident that j + is the quantity of 

matter to be moved, and that a — « is the 
moving power. 

D % £XAMPl.Jt 
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EXAMPLE. 

Let ^zrio; a: — 5; J — 16 feet, the fpacc 
fallen through by a heavy body in one fecond ^ 
V = the fpace fought* 

Not taking the weight of the wheel into the 
oezpreffion, we bave> 

As a + X : a-^x :: s : i^-^^ = v ^ the fpace 
paffed over in the firft fecoqd of tim^t by the 

, J. 16X10.— 16X5 ,r ^ 

moving bodieSi =: 10 -i- ^ = Si *ceti 

PROBLEM II* 
FIG* III* 

Let w and x be two bodies conneded by t 
cord ; w hanging perpendicular, x fupported 
by the inclined plane ; required the accelerating 
force, and the ratio of x to w, when the effe& 
is the greateft. 

Pat I = radius* 

s =3 fine of the angle of elevation* 

Then as the radius (1) is to (^) the fine of the 

angle of elevation, fo is x to sx, the force with 
which the weight « endeavours to defcend dowti 
the plane. 

And 
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And as the fum of their forces is. to the dif- 
ference, fo is the force of gravity to the accele- 
rating force. 

Viz. As w •\- ix : w ix :i I (the force of 

gravity) : ^^^^ : the fpace paifed over in a 

given time, compared with gravity, or with the 
fpace paficd over by a failing body. ' 

The greateft effeft of w will be when the mo- 
mentum of :r is a maximum, which will be had 

by aiultipl)'ing the velocity by the quantity. 

Viz- — V — X X = maximum. 

^t^f 



Or, ~ — — = the momentum, and muft be- 

<U + J« 

t maximum by the quelticui i in fluxions 



— 2SXX •¥ SX SX X wx — i^r* = Ot 

from which wc get i^x^ + wax = w* ; by corn- 
pleating the fquare, and cxtrafimg the root, we 

have IP = 7. . 



EXAMPLE. 

Let «; r: 10 ; 7 r: .5 the natural fme of 30*, 
ID find jr^ 



«t PART SECOND* 

■jv^2 = 28.28, from which fubtraS — (20) 

and we have 8.28 rr x. In cafe of a pully, / ±: 
I, and K = w^2 — w. 

PROSLEM III. 
FIG. 

Given a weight Wy fufpended from a wheel a, 

required the weight fufpended from the axis 
when the efie£t i& a maximum? 

Let Bc =: a = I ^ ac == ^ ; / =: 16 feetj 

the velocity of «^ ^ i ; and bzo:: b:: i : and 

when = I, the velocity of w = & , and (per 
mechanics) the ihomentum of will be = wbf 

and that of = , or x, when a zz i; therefore 
tub •¥ X ^ the fum of the momentums, and a# 

wb + X : wb — X s : - T"** ~ y the vclo- 

w + « 

city of w ; and as ac : BC b : a :: the velocity 
of w : the velocity of ip s which mul* 

tiphed by gives its momentum, 
which muft be a maximum* 



In fluxions, bwx — %xx x wi* + bx'^bx x 
wbx^x* = o, and — Aw* A^^if 

^ IT* ; from which we find x bw x v^*^ 

bw 
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hv : \iz. if ^ is multiplied by the fquare root 
of a (1.41 42 1 4) and bw taken from theprodud^ 
the remainder is or if 1 is taken from the* 
fquare root of 2, and the remainder (.414214) 
18 multiplied by bw^ the produ& is 

Note, Whether we multiply the velocity of 
or the velocity of by to obtain the momen- 
tum, the value of « will be the fiime. 

Otherwife, Let t; r: the velocity of then 
As ^ : ^ t : ^ : ^ = the velocity of tcr = ^ 

when = I, and ^ the power which applied 

at B will balance hence U the accde* 

rating force x:// and vx j i- f x bv zzz the 
fum pf the momentums :^ fzz ^^J"* , viz. 2w 
^ sjiSlZi. and by fubttituting 



fpr /, we have vpt + *w anil v 3k 

4- ^ > '^"^^ ^ before. 



Again, the fame notation remammg, = the 
power wluch balances jr, and = the acce* 



Icrating force at x^ and ^ + w =: the whole 

rcfiftance 
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rcfiftance reduced to b, by which divide ^^^^ 

and' wc have i*^ for the force at b, wUeb 

multiplied by x gives 77^^^^;^^ ?be mo- 
mentum. 

The . fluxion of which is b^wx — ^baxx x 
yw + <j'a; — X b^wx — bax^ = o and x zz 

Mathematicians in general have edimated the 
Eorces of iMTtng bodies by multi^ying the 
quantity inta the velocity, as in the ' iirft and 
fecond foltttions of this Problem. The laft fo- 
lution is on different principles, except in find- 
ing thie momentum, where the accelerating force 
is multiplied by the quantity; and though it 
gives the value of x exa&ly the fame when a 
and b equd, yet it varies a Kttle when they 
are unequal. And the effed of w although a 
maximum, will vary with the ratio of ^ : b: 
for uiftance, if w zz lo^ a zz b 7^ 
momentum of x will* be 9.0204 ; but if ^ = jo, 
the efFeft will be 2.382, and if ^ zz 100, x will 
be found 4989 and iu momentum 2.487. 

If any three of the four terms x be 

given^ die fourth may be found, when the eScil 
is the greateft, by the following Theorems. 

Leu 



ON VELOCITT. ^ 
Let n = y/z — - I =: •4i42i4# 

Then, Thco. i. ip =: — . 



Theo. 2. w = ^« 



rr.f hnon 

Theo. 3. ^» 



Theo. 4- ^ = 

mm 



The two following Theorems give the yc- 
locitiesy whether the efie£t be a msucimuni ot 
•therwile. 

Theo* 5* V =: ^^"7*^ = Telocity of to* 
Theo* 6* V :r '^^^ "7 - ^ . x t s: velocity of 

If the velocities thus found be multiplied by 

16, the protlud is the nuiubcr of feet paiTed oves 
in the firil fecond* 



FROBJLEM IV. 

Givei^ and to find x f 
IliCt a=:2;&r=3;«i=io* Then, 
(The*. I.) » = ^2." = 3X'o^x-f'4« _ 6.^,3„. 



' Vrobjlbm ' 
Given and to find tc^f 

Let = lo^ 6 = 12 ; and x := 2o. 
(Theo. a.) w ^ 7- = 40.^3% 

PROBLEM yX. 

Given a zz \^ 9i xpo, %o\ required 
the diftance oiwf 

(Theo. 4.) * = £ f == 



VII. . ; 

Given w = 100, ^ zi io» 1^ 500 ; reqiurcdl 
41^ tlie diftanee of ^ ? 

(Theo. 3,) « :e — c .8aM« 

iff 



PROBLEM VIII. 

The fame terms given, to find the 

of ^t;? 

/ITT. V vvb'^ax 1000 — 414.21 

(Theo, c.) V = — ; — = , ^ ^ 

^ ^ ^ w + on 1000 + 4x4*^1 • 

j^^l = .414 ^ i6 =;= 6.6274 feet the firft 
fecpnd. 

fa 
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itk the following tablet the power remains 
the Ikme ; the weight varies, with the diftanci^ 

of and is found by the foregoing theorems; 
and the fame power in every example produces 
the fiime momentum, viz. the weight multi* 
plied by its velocity, gives 27.4516, which it can 
never ejEceed* 



No. 1 . 


7 X \ i 


1 - 1 


vci, , ':t \ of X 


• 


1 J 


t •4.141! l| 


10 1 


6.6274 


274516 + 


1 


I f 8.284 1 2 


10 1 




27.4516 ■ 


J 1 


I 1 12.426 ) 3 


ic 1 


2.2091 


' 27.4516 


4 1 


I 1 .6.568 1 4 




1.6568 1 27.4516 


. 5 r 


I 1 41.42 1 10 1 [O 1 


.6627 


1 27.4516 


:^ 1, 


1 1 82.84 1 ^0 J 10 1 




1 «7-45«6 



For if the diftanee of w is increafed, the mp- 

juentum of X will diminiihed* 

For example, let and w he the fame as 

in No. 1 of the table, and let b ^ 21 then v = 

^^"^ ■ 35 10.5088, which divided by gives 

5.2544, the velocity of which multiplied by 
X9 gives the momentum, = 21.7637, -but in the 
table it is 27.45. 

Let tf, and x be varied as in Table li. 

while the power w remains the fame ; the true 
momentum, computed from the given term, is 
always left than the maidmum, except No. 2. 

£ 2 TABLX 
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I'ABLB II. 



No, 


a 


X 




to 


Velocity 
of ff. 


Momen- 
tumofic. 


Velocity 
of w. 


I 


I 


lO 


2 


10 


2.666 


T6"6'6 


5-333 




1 1 


lO 


2.4142 


iO 


2.74516 


27.4516 


6.627 


3 


I' 


lO 


|4 i 




2 4 ~ 


24 




+ 


1 ■ 


1 >c 


1 5° 


10 




_3«o744 


1 i5-372_ 


5 


1 > 


r.o 


1 lOCO 


10 


.01596 


.1596 


1 15-96 


h 


1° 


1 ° 


lio 


"1° 


1 .0000 


1 .000 


1 16 



The grcateft fpace that w can poffibly pafs 
over in the firil fccond is 16 feet \ but if it has 
any refiftance to overcome it mud fall fliort of 
that fpace, and that more or left as the circum- 
ftanct s may be : and if the refiftance of the 
machine is not taken into confideratton, the ef- 
{cQi is a maximum, or the greateft, when the 
momentum of the power is to ike momentum of the 
'Weight as 10 to 4.14214/ or as 70 to 29, nearly. 

In the above Problems, the accelerating force 
compared with gravity, always is as the diSer- 
* ence of the weights to their fum, or as the dif- 
ference divided by the fum. 

Bat if the moving power, or force, zSteA ac* 

cording to any different law, the ratio of the 
power ,to the weight, in cafe of a maximum, 
would vary alfo. As ; for inftance, where a 
wheel is impelled by the force of a given ftream, 
and which force varies with the velocity of the 

vhedy 
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wheel, viz. it is always as the fquare of the vc- 
locit]^ \nth it ftrikes the wheel, as dc- 

monftrated in the next Problem. 

FROBJLEM IX. 

Suppofe the power to be the impulfe of a 
ftream of water upon the floats of a wheeL 

Let the quantity of water be rcprefented by 
and the velocity by !» thefe multiplied together 
give the momentum; let the velocity be dou- 
bled, and it follows that the quantity will be 
doubled, for while the aperture remains the 
fame, a double velocity muft difcharge a double 
quantity : hence, the momentum will always be 
as the fquare of the velocity. 

Let V = velocity of the ftream. 

« =: velocity of the wheel. 

T — X = velocity with which the ftream 
ftrikes the wheel. 

And V — flPi* will be the force with which the 
ftream impels the wheel ; this multiplied by the 
velocity of the wheel, gives the momentum 
thereof ; and when the efied is greatcft it muft 

be a maximum: hence, v — x = m, « 
maximum. 

And ▼*« — + 3;f'K = 
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. IT*— =r — — ; from which we ffct x 
And as v* : v — :: i : --^5— 9 : 4» 

r • • 

EXAMPLE. 

» . - 

Let y :s C } then and Y — ir ii? 4* 

» 

And as V* (36) :: v — 1?,* (16) :: i : ^. 

9 

Hence it appears^ that when the velocity of H 

wheel, which is driven by impulfe only, is one 
ihird the velocity of the ftream« the efied 13 the 
4preateft, and the power is to <th€ ^efiftance ai 

9 to 4- 

» 

In the above proeeft the weight of the wheel 

18 not confidered ; hence, the force ading upon 
it may be confidered as the weight, which mul- 
tipUed by the velocity, gives the. relative effefi^ 
or momentum, and the conclufion is the fame 
as if w had been taken to reprefent a weight, 
which, fufpended from the whecU would bahm^c 
the impulfe of the 



In order to cftimate the force of ja ftrcam 
upon an underlhot wheel, it has been common' 

to take the area of the feftion, and depth, but 
this method is -exceedingly erroneous (as will 

appear 
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ippMr in the third part of this work) and per* 
btps we cannot, from any known principlei« 

independent of experiments, compute the true 
force of a (Iriking fluid ; we mud therefore pro* 
teed with the relative force; which it. as the 
fquarc of the velocity^ while the aperture remains 
the fame^ but if the depth remains the fame^ 
and the aperture varies9 the force is dircAIy as 
the area of the aperture* 

In this Problem the effeft prodnccd is aa 

y^xl*x ; let V == 6, X = i« 



Then v — xYx = 7,5. 
IT =. 2* Then y—sc i^x =: 32, 
$g =: 3. Then v— jr^** =r 27. 
0 4* Then v — xYx =r 16. 
ir t 5. Then v— ^*jr ir 5.; 



The relative 
eflfeds of the 
^different velo- 
cities of the 
whecL 



?&08LBM x« 

no. 

Given a lever equaHy thick^ tolind the length, 
fB, fo that it may, by its own weight, juft ba^ 
knee the end an4 weight w i 

Let 2 zr ^p* 

X = PB, the length fought. 
m = the weight of 1 foot in length of the 
fevcTf 

Then, 



|t PART SECOND. 

Then, zm =: the weight of ap ; and sem = 
the weight of pb : but by the queftion, the mo- 
mentum of PB muil be equal to the momentuoi 

of AP -f W. 

• 

The momentum of pb is mxxy that is, the 

weight multiplied by the fluxion of the length ; 

• 

in like manner, the momentum of ap is mzz^ 
^ • 
and the momentum of w is wz: hence, mxa 

= mxx + wsL. 



The fluent of which is ^ = ^ -f «« ; and 
IP* 5 and ir =: + - . 

Othcrwife, without fluxions, let x =r PBi the 
length fought, as before, and m^ke PC = ap 

s= a J and PD = + pc) 2~ = the diftance 

of the center of gravity of cb from the prop p, 
which multiplied by its weight, mx — gives 

^ for the momentum, which mutt be 

equal to vw\ the momentum of ap is equal to 
that of PC, and therefore not confidcred : hence 
have, rnxj* — uw* 2»w i and ^ =: 

y a* + ~> as before. 
Otherwifcit 

If 
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. \t the lever is fuppofed to move the mean ve- 
locity of the end, pb will be as j} that of ap as 

I ; and that of w as 2 ^ and the quantities of 
matter are ^2, and mx, which multipUed by 
their velocities gives 4. — ^ trom wmcn 

X 18 found = / — + »*\ as before 
From which we have the following Theorems* 



Thco 



Thco. 3- w = 



2S 2 ' 



Theo. 4« = 



£XAMPL£« 



Let z = 2 feet, w = 24lbs. = 3lbs«; 
required ir, the length which will balance the 
Ihorter end, and weight w f 



Thco- 1 • * = v/^^^T?) = J^Ti = 6. 



PRO£L£M XI- 



Given one end of a ftraighf bar or lever, 
equally thick, and homogeneious, 6 feet; the 

F weight 
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weight of a foot in length, 4 pounds ; and t 
weiQ[hc of 60 pounds fufpended from the fliortcr; 

required the length of the fliorter, when it, ta- 
gether with the weight, will balance the longes i 

Here, ;c == 6, w =: 60; m s 4, to find %• 



(Per Theo. 2.) z =: v^^* + — 2 = 

^36 + — ~ = 1.15 feet, the diftance of 
the weight from the prop. * - 



PROBLEM xiu 

Given the longer end 10 feet, the iborter 2 
feet, the weight at the (horter end 100 pounds; 

required the weight of the lever, fo that the 
whole may be in cquilibrio i - 

9c 10 feet, z = a feet, w n loolbs* ; 
required m. 



This is folved by Theo. 4, where m =: ^z^^^i 



= 4.166 pounds, the weight of i foot, 

vhich multiplied by 12, the whole length, give« 
50 pounds for the whole weight of the lever. 



P&OfiL£M xiiu 
FIG. VI. 



If a power p, at the diltance ac, ralfes a 

weight 
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weight at the didance dc, through dg, in a 
given time ; what wright m muft be placed at 

the diftance bc, lo that p may derceud equally 
fait, or that the angular velocity may bc the 
lame ? 

Let CB CA zz a f zz b» 

Agreeable to the laws of motion, a given 
power in a given time moves w through dg ; 

but when a weight -j is applied at it is aded 

upon by a power (from the property of the lever) 

which is to that acting at d ^,s b : a', and as a : 

i : : w : — , hence the power and weight have 

ftill the fame ratio; of confequence the power 

would urge the weight through the dune fpace 
in the fame time ; but the fpacc ought to be 
dire£tly as the diftance when p moves equally 
faft, or when the angular velocity is the fame ; 
and the power being the fame, the mafs mult bc 
incrcafed in the fame inverfe ratio as the ve- 

« 

locity is dmnnuhcd| or as b : a ~ : -j^- = 

the weight v-hicli applied at b, would be raifcd 
through BE, by the power p, while w would be 
raifed' through dg by the fame power ; from 
which is derived the third folution to the third 
Problem. 

Otherwife, 

F a Let 
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Let V velocity of the point D« 

« 

Then, As i : 41 : : v : y =: the velocity of the 
point B ; but the power is ablq to communicate 
to ~, when placed at 9» a velocity v» Therefore 

the effed produced is^^'^jjM x?: or Mva' 

= vwA*, and M s: as before. 

The fame folution is obtained by a different 
procefs, in Prob. xiiu part firft, where d and d 
the diftances a and ^; and there A$ b* : 

rf* :: F to /; and if f ;= w, wc have ; ^* a^ 

W • ' 

41* » 

PROBLEM XIV* 
FI0. VIU 

Given the weight of a wheel a condenfed 
in the circumference ; and a weight p fufpendcd 
by a cord coiled round the wheel \ to determine 
the velocity of the weight, and of confequence 
of the circumference of the wheel \ 

Put w ^ the weight of the wheel s= ao« 
p Then, it is evident, the mafs to 

be moved will be iv + p 21 ; and as the 
wheel is at liberty to reft in any pofuioa, the 
Vioving power is only p. . 

Therefore 
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ON VELOCITY. . 17. 

Therefore, as w + ^ : ^ fo is the whole force 
•of gravity, to that part which is exerted in moV* 

ing the wheel : viz. Asw+pipziii ^ ; 

or As 21 : I :: 1 : which multiplied by 16, 

gives the feet paiTed over in the hrft. fecond 

— = •7619 feet, or 0.14 inches, 
ai 

EXAMPLE II. 

Let ^=12; then no -¥ p =r 1%^ and the ac* 

2 I 

celerating force will be ~ = — or 1*4545 feet 
the firft fecond* 



EXAMPLE III. 

If/ = 3; thenw =: 23,and rj^=:^ 
X 16 = 2.087 feet. 

BZAMPLB IV. 

Vip r= 4 ; then jj;^-^ == ^, whiqh multiplied 
by 16, gives s.66 feet* 

In thefe examples, the mafs to be moved is 
increafed by increaiing the power, as it makes 
part of the mats: but in computing central 
forces, as in the firft part of this work, the 
moving power or force is confidered as diilin£l 
from the mais moved, which, according to this 

Problem, 
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Problem, may be illuftrated by fuppofmg the 
mafs to diminiih as the power increafes. 



EXAMPLE V. 

Let the weight of the wheel be 31, and the 
power I. Then ■ ^ = — , which multiplied 

by 16/ gives ~ = 4 foot for the fpace palled 
over in the firfl; fecond. 

EXAMPLE VX* 

Let the weight be 30; the power 2. Thea 
--4-: —7: = A> 1 '^^ the firft fecond. 

' EXAMPLE VII. 

Make the weight 29 ; the power 3. And we 

bave = 7: = i-S feet the fecond. 

EXAMPLE VIII. 

Let the weight be. 28 ; the power 4. And 

—3-- = ^=5 = 2 feet pisi fecond. 

• EXAMPLE IX. 

In the four lad Examples, required the time 
in which the power will defcend through 20 
feet? 

IB 
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In falKng bodies, as the fpace is to the fquare 
©f the time, fo is any other fpace to the fquare 

of the time in which it is defcribed. 

In Ex. 5. As 4 foot : i*" :: 20 feet : 6^*'% 

which is the time required to fail through 20 feet. 

In Ex. 6. As I foot : i*-' :: 20 feet : 4»47\*'* 
In Ex. 7. As li feet : i*'' :: 20 feet : 3.651* 

In Ex. 8. As 2 feet : i*'' :: 20 feet : 3.16^* • 
t 

In Examples 5th, 6th, 7th, and 8th the niov- 
ing powers are as 1,2, 3, and 4, and the fpaccs 
psied over in a given time are as i, 2, 3, and 4; 
but the times in which a given fpace is defcribed 
are inverfely as the fquare roots of the impelling 
powers, viz. in this cafe, as i, 1.4149 ^•73» <tnd 
2, inverfely, which numbers are the fquare roots, 
of the impelling powers. And it may be ob« 
ferved, that when the velocity of a revolving 
body is faid to be as the. fquare root of the im- 
pelling power, that power is fuppofed to defcend 
through a given fpace, which is always the cafe 
with :water applied to turn a wheel. 

PROBLEM XV* 

FIG. yiii. 

Given the power, and diftance from the axis 
at which it is applied, and alfo th^ diameter and 

weight 
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weight of the wheel, to decermine the velocity 
of the power, and of the circumference of the 
wheel?' 

» 

Let the diflaiu:e ai which the power ads be = 
the radius of the wheel z= r ; its weight = w» 

Then, from the property of the lever, ^ =: 

the force with which p a&s upon the wheel, or 

it cxprefTcs the moving power. Fhc mafs moved 

tt w 4. ^ by which divide ^ and we have 

■ , '^^r for the accelerating force at the cir- 
cumference of the wheel. 

And as r : 4/ :: -r~-T2T • -i— which 

divided by r, gives -r^-~i for the velocity 
of 

£XAMPU I* 

Lct^ = 4; ^ = 3> »' = 9; w=:48. 
Then,-^^ = . ^ = 

»r*« + 4f*/ 81 X4« +9x4 5914'" 

X of gravity, which muluplied by 16, gives ^ 
of a foot the iirft fecond* 

And ^ 9 • 3 2 ~> the fpacc paffed over 
by / in the iame dme. 

BXAMPJLJt 



Digitize<i by Google 



ON VELOCITY. 41 

£^AMPL£ II« 

Again, let r = 18, the. reft as before. And 

-we have -^-^ = for the velocity of the 
15588 433 

wheeU which multiplied by 16, gives the feet 
pafled over in the fir ft fecond. 

In this Example, the power reduced to the 
wheel, does not afford fo much refiftance as in 

the firft ; for there !^ = ^; but herc.^^ = ^> 
hence if in this Example, had been increafed 
by the accelerating force would have been 
cxaftly half of what it is found in the firft Ex- 
ample t but without that addition it differs. 
or is fo much above one half of the other. 

EXAMPLE III. 

Let the diftance ^ = i ; the radius of the 

whjeel r = 84 ; the v^eight w = 9 ; = 8 ; 
required the time in which f defcends through 
ft4feetf 

, *^'t,^ =: which multiplied by 16, 
r*w + d*p 7939* *^ ^ r 

gives .16929 feet the firft fecond* 

And 2S r z d .16919 : .0020159 the feet 
paffed over by f in the fame time. 

And as .00201 5 feet : i*'- :: 24 feet : log.il*'^ 
the time required. 

G On 
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* # 

On the Center of Gyration^ 

PROBLEM XVI. 
^ FIG. IX. 

« Given a ftraight bar ab, equally thick, &e« 

to find o, the ct^ntcr of gyration, which if (truck 
will cooimunicate the lame angular velocity to 
the bar as if the whole bar was coUeded in that 

point ? 

The force of any particle revolving round a 

center is as that particle niuhiplied by the fquare 
of its velocity, or of itb diflance from thf center of 
motion ; of confequence, the force required to 
deftrdy that motion miift be equal to it* 

Put AC = s ; j^o zzx\ CO =: jfy the center 
of gyration fought. 

Then z multiplied by the fquare of its diAancc 

%^ = z^z, and its fluent — the force of the 

S 

end AC, and — will be the force of the end bc ; 
but when X and z are removed to o, their force 
will he X -i- z X y* \ which force mud be equal 
to -J + ~ : VIZ. + « X jr = — ^| — \ and / 

— /lZ? 

V + 3«* 

IXAMPliB 
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SXAMPLB* 

U:t« = 7;x = i4. Then. / = 2241+J43 

" ^^3^* y ^ \/49 ^ 7> ^'^^ diflance of the 
center of gyration from the center of motion. 

?R0BLBM XVII* 
910* X. 

Given three bodies a, b, and conneded by 

1 line fuppofed without weight, to find the di- 
ilance of n the center of gyration, from c the 
center of motion i 

Let CA a ; cb = ^ ^ d\ cn =z 



• Atf* + B**^ + Di/* = A + B 4. D X ; for 

+ ^ + ^ = the fum of all the forces re- 
j y y 

duced to N, which, by the problem, muft be 
equal to all the. bodice placed at n and .muhi- 

plied by CN*j hence-jf =V a+> + d 



BXAMPLE. 



Let A =r 2^ a =: la, B = 4> ^ = 6; 0=; 

Then, ^'-l±JJl+?^ = 6.05 he ^ 
ftance fought. 

G a ' FKOfiJU£M 
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PROBLEM XVIII* 
FIG. XI. 

Given the length and weight of a bar, two 
weights A and b placed at the ends, and c the 
center of motion, to find n the center of gyra- 
tion f 

Let,b =: the weight of ac; a ^ the weight 
of Bc ; X =: AC ; z zznc, ^ =: the weight at a 
^ the weight at b. 

Then, wx* ••i- — + pz^ + — sr the force 

s , s 

of the whole revolving round c, to which 

fv f + a ^ b X CN mull be equal ; hencei^ 

N, 

EXAMPLE* 

Let BC = /I tr I ; ac — ^ ~ 2 ; the Weight 
at A =: u; = i i the weight at b s: ^ t= 14 
ip=: 145 « = ;. 



And wc have , zz /^^^ + + = 
V 3x1+1 + 1+ 2 

\/'^— = at which diftance, if-the whde 

mafs in the fyftem was colle&ed, it would rcqtiive 
the fame force to give it the fame angular mo« 
tion, or to deflroy the motion, as if ^he 1)odies 
liad been fixed as in the Problem. 

0^ 
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On tie Center ^ Grarxiij^ .. 

THTS l:etiter, itt Vitiy body or fyfttm of bo- 
dies, if luftained, the whole remains at reft* 
This has been treated on by fo many authors^ 
and is iiT general fe ^11 ondailldbd,^at Aftw 

pbferyations will be Cuffident* - 



FIO^ XII. , • 

Given two bodies a and connc£ted by th# 
line AB, to 6aA .i^w ooOMDon contfc 

gravity? ^ , 



Then, a x * =: b x a — or ax zztm — mx 

Let AB ^ = l oo ^ a = 40 ; i o» ' 

^ too X 10 ^ M = ;s ibr diftanoe of 
tbe center of gravity from the brger body. > 



PART SECOND. 

FROBLEK XX. 

Given the length of an homogeneous beam, 
the weight of a toot in length, and a weight 
fufpended bom one end, to find the center of 
gravity? , 

-.Let 11 s: the length in feet. 

m = the weight df a foot m length* 

fv :z: the weight fufpended* 

IT =: the longer end* 

.8 =: the fbbrter end = n — ir. 



Then mzx -f- m zz the momentum of the, 

Ihorter end ; and mxx r: the momentum of the 
longer end. - And by making their fluents equal,, 

according to the Problem, we have ^ =: 

+ wz.y and by fubflituting n for z, we have 

^ +JIIW— fwf, from which 

IT IS found =: ^ . ^ >c 

> f 

BXAMri^B. 

l^et 9 s 9o; m s loo; w iopd» 
;.Tlicn wh hnt » ss !^-v-t^ ^ t ^ '3l> 

aooo T* iooo « a . 

raOBLBM 
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PROBLEM XJiU 
FIG. XIII. 

Gimi the length of a beam ab -iz m; the 

ivcight of a foot in length n m ; the weight w, 
and ITS diflancc from a ^ ; the weight and 
its diftance from b = ^, to find o» the center of 
gravity of the whole? 

Let jr = AO } 2 =: BO = an — «r« 

• ♦ 

Then the momentum of w will be =: w x jr — iiy 
the momentum of the end x will be = — ^ 
the momentum of p = / x z — and that of 

or Its equal M — »i =: -r , 

a 

hence we have aur* atmr atmr =r 4jmi* 
+ BUT* 4 i|^B — ^fx — 2^/ ; from which 

^ - 2m}i * + 2pn -f <V4I — hp 

we find B = r^^ M^j.^ 

If the weights w and p are at the ends of the 
beam, then vili b and aB — b =: their diftances 
from the center of gravity, and the theorem will 

IXAMFLB. 

B = 10; Bl = 4; W= 10; ^ = 35 = 4;. 

. rw,. 1600 + ISO + 80— -6 ^ 

TheuBz: ; r-iT— = 9«645is 

160 -I- so 4 6 ••'^ > 

the diftance of the center of gravity from the end a. 

0/ 
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Of the Center of Percujjion^ 

- AS in bodies at reft the whole weight may be 
fonfidered m CoUe^ed in the center of gravity^ 
fo in bodies in motion the whole force may he 
Confidercd a$ concentrated in- the center of per- 
cuffioD) or center of force* 

PROBLEM XXI1« 

no* XIV. 

In a ftraight rod oa^ required the center 
•fpercttflioni 

Put a zz OA, the length of the rod ; a: = oc, 
the dUtance of the center of percuQion from the 
point of fufpenfion; po-s the diftancc of the 

center of gravity ~. And the weight of the 

rod multiplied by the diftance of the center of 
gravity from the point will be equal to the 
force of the rod divided by the diftancc of the 
center of percullion froai o. 

Therefore. — s= — , and 'la^x zz 2a\ which 

divide by and we have %x = 2a, or = ^« 

II. • 

And as the ftroke is the fame as if the whole 

w^ht of thjS rvvi wa« comknfrd an this point, 

it 
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k is alfo the center of ofciilation ; for, if it be 

confidered as a pendulum, the whole force of 
ihc rod is exerted in the point c, to move the 
pendulum, and of confequence the time of vi< 
bratton muft be the fame as if the whole weight 

was aiSlually coileded in that point. 

PROBL£M XXIII. 
FIG. XV. 

Let the center of motion, or point of fufpen- 
fion, be at a dilta.nce from the end. of the rod, 
to find the center of percuffion t 

Let oB = ^. ^ 8 ; joa = 6 4 ; oc 

• Then,. = og, the diftance of the center 
2 

of gravity from o, which raultipUed by the 
weight a + * gives j — 2= — ^ — ; and ^pc x 

"J , t — T"" 71 + 2. 

tf* — A* = a X tf* + *'f orif = — 77 X 

9,; hence, in this Example, c coincides with b. 

• • 

PROBLEM XX1V« 
FIO. XVi. 

Given the length and weight of a rod, and 
the weight of a ball at the end, to find the cen« 
tor of percuffion, or ofciilation? 

/ H Put 
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Pl.t n =z the length of the rod ; m =: the 
weight of a foot ; w the weight of the ball ; 
• ^ == OG, the diftance of the center of gravity 
from o ; 9i zz oc, the diftance of the .center of 

ofcilUtioQ. 

Then, V = =4r^ >^ h Cf«« ^'""^ 
which multiplied by the weight mn + w gives 

a 3* ^ + $* 

• • • 

Otherwifc, 

• The weight of the rod is mir, which multiplied 

by half its length, gives ~ for the moment of 

the rod ; and n ^ %u is the moment of the ball. 
Alfo, the weight of the rod, multiplied by 
the fquare of the length, »*, gives which 
divided by 3, gives the whole force of the rod. 
And w X ;2* is the forge of the ball, and the 
fum of their forces divided by the fum of their 
moments, gives the diftance of the center of 
percuiFion from the point of fufpcjifion, r; 

t^U::^. the lame as above, 

PROBLEM XXT* 
FIO. XVU. 

. Given the length and weight of a rod, and 

Ibc 
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the weights and phu:es of two balls fiated to it ; 
tequiced the center of pcrcuffiou or ofcillatioii ? 

Pat m =5 the weight of a foot , n zz the length 
ow ; a OP J =: oc. 

inen — =s the momentum of the rod ; that 
of the weight p is ; and that of w = «w : 
thcfum of the whole U—'i^ap + aw. 

The fprcc of the rod is the forx:e of the 
weight P is p X * J the force of the weight w 
18 w X If* ; and the fum is — + p^ * + w«% 
which divided by the fum of the momentum, 
gwes K = T. I f ~ X the iame as if 
«w + w + p, the whole weight of the rod and 
balls, were multiplied by ^!^L±i!tZ±25I ^ tht 

diftance of the center of gravity from the point 
of fufpenfion, 

Note^ If the diftance of the center of ofcilla- 
tion from the center of the. fyfteni, or point of 
fufpen(ion» be multiplied by the diftance of the 
center of gravity from the fame point ; the 

fquare root of the prodiift will he the dillancc 
•f the center of gyration : for inftance, 

H a mn^ 
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+ zfa + aw« 3 a»ji + 2P + aw ^ 

which laft exprcffion is the fquarc of the center 
of gyrsltion, as found by Prob. xviil. 

> 

EXAMPLB* 

Let 1} = 12 = OW, W = 2 J = 6 = OP, 



216 

^ahce of the center ot gravity from the point o* 



Then ^^'^'^ = =; 675* th€ dt. 



-f 2P. aw. ^ g = 6^8- = 
diflance of the center of ofciilation or percuilion. 

, Alfo. = ='58.5, th. 

fquare root of which is 7.6485, tfis COttCf of 
gyration* « 

Put o = 61, the center of gravity. 

p r= 81, the center of pcrcuffion. 
c = 7.6485, the center of gyration. 



Then gp =: cc, and As g : c :: c : p. = -j- 
= = 81} and p ; c :: c : o = ^ = ^ 

6.75 ' t 

^ — OU PROBLEKi 
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PROBLBM XXVI* 

FIO. xviii. 

Given the length and weight of a rod^ the 
center of fufpenfion s, a weight w at the bottom, 
and another p at the top» to find the center of 
percttffion ? 

Let m =z the weight of a foot in length; 9 ss 
few feet; m s sp £eet« 

Then, the whole force of the rod and balls 

Will be — — ' — — : the momentum , 

% 

of the end aw will be — - wn : the momentum 

of the end PS will be -f- iiP« And by divid* 
ing the fum of their forces by the difference of 
their momentums we have ^« — 

X - the center of percuffion fought. 
3 

BXAMPLZ. 

Let m =r 16 ; w = p sr 39^wts. ; # = Ifbot ; 

>f = T foot. Then, from the above Theorem, 

feet, the diftance of the center of percuflion or 
•fcillation from the point of fufpenfion. c, the 

center 
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center of pcrcuifioD, is, in this cafe, further re# 
moved from the point of fufpcnfion than the 
weight w. • 

If 8 is the center of the rod, or if sb 

8W, and a =: the diftance of p, the expreiSon 
for the center of ofcillation will be a little ihorter^ 

m 

Let cverjr thing be the bmc as in the laft 

Example, only sb = sw = n. Then, from the 
lad Theorem^ the diftance of tl^e center of of- 
dUatioii from s is found s ^2.9 17 inches. 

Hdi 2. If the weigiit of the rod is not con- 
iidered* the Theorem becomes sc# 
the diftance of the center of ofcillation from s. 



N§i9 $• If in =: the . weight of an inch, and 
the diftances are given in inches, we have the' 
anfwer in inches. 



nOBLBM xxviu 

Given a ftraight bar, equaUy heavy, to de* 

termine the point of fufpenfion, when the vi« 
brattons are performed in the leaft time poffible; 
or when the diftance of the center of ofcillation 
from die axes of motion is a minimom. 

Let 
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Let n zz the wholie length of the bar ; x 

the length of the fhorter end* 

a 

Th.cn will "'"".^"J"^* X i exprefs the di- 

ftance of the center of ofinllation from the point 

of fufpcnfion, which is to be a xaiaimuia. 



Its fluxion is 6nxx — ^n^x x n* — znx — MX 

X — 3»*ap + 3»** = o. And 6mt — sn* — 
iix* -I- 6nx n 6nx — 2«* — 6x* ; from which 
we get 6fui — = » and by compleathig 

the fquare we have xV — imp +. — =: — -- • 
und ^if sz — »v^-L. 

Let the length of the rod be 40 inches sr 9« 

Then ^—^40^^^ =5 9*4 ^ ^ diftance 

of the center of fufpenfion from the end, when 
it vibrates in the leaft time poffible* 

The center of ofcillation will be found s 
^3,0926 inches, equally diftant from the lower 
* end of the rod, as the center of fnfpenfion is 
from the top thereof. Hence, if the center of 
ofcillation is made the center of motion, the 
center of motion becomes the center of ofcilbu 
tion, and the time of vibration remains the iame. 



4 
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In a ftraight rod, the center of (tfciUation is 

two-thirds of its length from the top, when it is 
fufpended at the top; but if the bar is fufpended 
•t one-third of its length from the end, the cen« 
ter of ofcillation is at the bottom, or lower end, 
and the vibrations are performed in the fame 
time* The center found in this Problem would 
l>e the center of gyration, if the center of gra- 
vity were the certer of rufpenfion. In this cafe, 
the center of gravity is in the middle of the rod ji 

and the center of gyration is »\/-^9 which taken 
from ^ gives die center of fufpenfipn^ as beforet 

When a pendulum, or vibrating body, is 
placed in a horizontal pofition, the initial velo- 
city of the center of ofcillation is the fame as 
that produced by the adion of gravity on bodies 
left ta £iU in ifaraigbt lines towards die earth. 

Let AB (Vio* xtx.) be a pendulum, s the 
center of motion, b the center of ofcillation, 
dien the end i will begin to defcend equally faft 
ms a body unconnefled with the pendulum. For, 
if the end as affords refliflance, it throws the 
center of ofcillation to b, which if as were ris* 
Bovcd would hc9lc. The point c would, in • 
that cafe, begin to move with the velocity of a 
fidiing body, and s would move Waiter as it is 
&rther from the center of motion^ Or if the 
Mter of^IciUaUon were removed beyond the 
, end 
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end of the vibrating bcxly, (fee Fig. xviii.) the 
weight w would defcend with a lefs velocity, 

or it would be As sc : sw :: 16 : 16 x ^ 

sc 

the initial velocity of w. Hence, in any fyftcm, 
baving found the centers of gravity and ofciU 
lation, we find their tendenoy to motion, or the 
initial accelcraiiag force. 

PROBLEM XXVIIU 

Giveii» the length of a beam, 20 feet; it^ 
weighty 2oolb.; a weight, w, :^ 6olb. at one 
end ; and a power p, = 100, at the other end ; 
it i$ required to aifign the velocity of which 
is equal to that of w when the beam, equally 
thick, is fiiQpended by the center of gravity ?- 

A given power applied to any part of the 
beam will communicate the fame velocity as if 

the whole inafs was collected in the center of 
gyration. 

Let a Z2 to feet, half the length of the beam. 
m zz loolb. half the weight of the beam. 

The center of gyration in the beam itfelf, 
without the weight w and is ^^~^::z ^/y 

* 

=: a^L. (See Prob» xvi.) 

I ^4 



5S PART SECOND. 

v/-^ = 57735> ^Wch x 10 = 5.7735, the 

diftance of the center oi gytatipn from the cett- 
ler of the beam. 

Therefore, wlftrther the whole mafs is difperfed 
equally through a beam 20 feet long, whether it 
Is collcded in the center of gyration, or whether 
it is diffufed through a circle, the radius of 
which is 5.7735 feet—yet a given power, ap- 
plied at a given diftance, would, in the fame 
time, "communicate the fame togular velocity^ 
or would turn it equally fail round its axis* 

Next, the reftftance of the beam mud be re* 
duced to the extremity of the arm, where the 

power ads, (fee Prob. xiii.) which is done by 
multiplying the weight by the fquarc of the 
diftance of the center of gyration, and dividing 
by the fquare of the diflance of the power p 
from th.e center of the beam. Thus the fquare 



of the dillance of the center of gyration is 

amd the weight is ^mi their produfi is — , 

which divided by a*y gives y for the whole . re* 

fiAance of the beam reduced to the end* And, 
as 2m = the whole weight, the refiftance which 

it affords to a power acting at the end is =z y 
of its weight* 

We 
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We have therefore w + p + — := the mafi» 

to be moved; and 100 — 60 i^o =r the 

moving power. And the fpace. pafled over in 

ont fecond, compared with gravity, is — 

^ r-^+'i^l^e = •17647* which multiplied 
by i6y gives I.822 feet, the firft fecond« 

( % 

I 

Otherwife, , 

* 

If we take 40, the moving power, from 100^ 
we (hall have each end loaded with 6oib. The 
center of gyration of the beam thus loaded will 



be expreffed by - 3 j =: \/ 58.33 : the 
mafe is 2w + am^ which multiplied by 



2W 4" 2Mf 

gives 2wa* + which divided by. 41% the 

SM 

diftance of the power, quotes 2w + For the 

whole refiflance reduced to the end of the beam, 
to which add p — w, and we have the whole 
mafs to be moved, by which divide the moving 
power, p w, the quotient is the accelerating 

force* = — ^ - — ^ 

r—r^'z = =: •17647, as before. • 

I ^ Otherwife, 
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Otherwifc, 

If we divide the diftancc of the wcigiit w by. 
the diftancc of the center of ofciUation, we have 
the initial velocity. 

If 2m = the whole weight of the beam ; and 
2a = the length, as before. 

t 

Then will + 3-"^ cxprefs the diftance 
of thei center of ofcillation, by which divide a, 
the diftance of w, and we have , K'ZJ^^-^ = 

.17647, the accelerating force compared with 
gravity, the fame as before* 

m 

PROBLEM XXIX* 

Given one end oF 4 lever 6 feet, the other 

10, the weight of the whole = i6olb. a weight 
w = 3oolb. at the ihorter end, and a power p 
= 5oolb. at the longer end i required the ac- 
celerating force ? 

Let = 6, the Ihorter end. 

i sr 10, the longer end. 

m = 160, the whole weight. ' ' 

Then, the fquare of the dtftaiice of the center 
of gyration (Prob. xvi.) U which mul- * 

tiplied 



* 
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tlpiied by the weight and divided by the 
fquare of the diftance of p, gives ^ 

the whole rcfiftancc of the lever at p. To this 

add the weight w, reduced to p, and the power 
p; and wc have the whole refiftance at p 

57+7* ^ F + -F + ' = 648.533. 

Then, as 16, the wfade length of the lever, 
18 to 160, the whok weight, lb is 10, the longer 

arm, to 100, its weight, which taken from 160, 
kaves 60, the weight of the fiiorter. 

Then (Prob, XXI.) '"^"^^""^ = 14B, 

which, if placed at p, would exadiy balance the 
weight w ; this, taken from p^ leaves the mov- 
ing power =: 352, which divide bf the whole 
mafs, and we have 648.533) 352 (.54276, 
which muhtplied by 16, gives 8.684, the feet 
throngh whieh p vmidd defcend in one fiscondt 
if thie dire&ion was perpewficolar. . 

• • • • 

OtJierwifip^ - : ' : • 

Let M the weight of a foot in lengthy 



Then, ^ ' K i - the 

center of ofciliation = — ; by which divide 10, 
* the 
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the diftancc of p, and wc have ^ =r .54276; 

and as & is to fo is the fpace defcribed by P 

to that defcribed by W. 

PROBLEM XXX* 

Given, a =: 6. feet, the ihorter end of a lever ; 
h zz 10 feet, the longer end ; m = the weight 
of the longer end, =: 1 oolb. ; the weight of the 
fliorter r: » =: 60 ; and let the power p be fuf- 
pended from the longer arm at a diftance d 
7 : required the accelerating force at p ? 

The center of ofcillation (fee Prob. xxt.) 
win be = ^"V^^l^^-^ '''^ by which 

divided, and the quotient is 

= the accelerating force at p ; zr .359 parts of 
gravity.. Or, by the proccfe in Prob. xxviu 
if « = the weight of a foot, then ^'^^ + '^—^1 

r: ^114^9 the weight which placed at p, would 

balance w : hence, the accelerating force, con- 
Sxdctcd alone, is 500 — 21 It? = 288 A* The 

mafs to be nxovcd, reduced to p, = T ' . x tt 
4- ^ -f 1^ ,^ 803.1299 by which divide 288iV» 



and we have .3599 as before. . , 

* ' P&OfiLfiAl 
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• * 

PROBLEM XXXU 

Given, the radius of a folid wheel, equally 
tliick, ^ d zz lo inches; the radius of the axis 

b zz I inch ; a power p =: 2lb. fafpended 
from the wheel; and a weight w = i61b. from 
the axis ; the weight of the wheel =: 4lb. = m : 
required the fpace def^ended through by the 
power compared with falling bodies i , 

Firft, to find the center of gyration in the 
wheel* 

Let X zz the diftance of a particle from the 
center. 

9 = 7854- . 

Then will 4q zz %x zz ttic circumference of a 

drcle or ring, the diameter of which is ajr. 

« 

The fluxion of its area will be Sqx]ck And, 

As 9qxx : Aqd^^ the whole area, : : the weight 
of any particle a i the whole weight of the 

ivheel, =z :zz.mi and if or its equal, 
be multiplied by x\ the fquare of the <S. 

ftancc of the particle, it gives = -pr 

(and when xzzd)i=z^^fm\zsAfzz^ 

or 
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or f = rf^/T =; the diftance of the center of 
gyration from the center of the wheel = u> x 
.70716 7.0716 inches^ 

The weight of the wheel rnvkipUed by tbo 
fquare of the diftance of the center of gyration^ 

(= J X ot) and divided by the fqnare of the ^ 

radius, gives die refiftaocc which it affords at 

the drcamference =^ The weight w, reduced 



a 

to the circamference» is Suppofe the weight 
of the axis to be 51b. = ^ ^ the refiftance at its 
.fiir£»e wiU be il X ^. and at the circumfeicncc 

of tJie whed = ^ x ^, thefe added^ give ^~ 

^34.-^ + ?, the whole refiftance ; by which 

divide p — nxoving power, (fee Prob. 

s •096» wUch muldplied hf 16, gives i«536 
fcet^ die firft fecond. . 

Jf it is required to rsufe the weight w through 
% given fpace in the leaft poffiUe time, by the 
adion of the power p, it will be neceffary to de- 
termine the diameter of the wheel to that of the 

axle. 
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axle. Let b = the diameter of the axle, and 

2 that of the wheel, which is variable. The 
accelelerating force will be expreiTed by 

= '■P'^<:<= 

p defcends in i fccond, compared with gravity, 
(i). And as the Iquare root of that fpace is to 
1 fecond^ the time in which it is defcribed, fo 
18 the fquare root of any other fpace j, to 

y'?^ +.^^1+ the time of defcribing it, 
which time is to be a minimum, or the lead 

poffible : its fluxion is 2mzz + 4pzz x 

. , • • — — 

2pz^ — ibwz — ^J>zz — 2bwz X + 7nz'' 

+ zz o. From which we get + 2pz* 
— Apbz = 2«fl&* ; and a* — ^ x z =: 

^ 2/> + m 

— ^- — : if --^7 — = «, then « = ^/ • + 

a/ + *» + « V 2/ + « . 

+ - =r the radius of the wheel required. If the 
weight of the wheel is not confidered, the The- 

orcm becomes ^— + **| + A = «. 

If the power p* is fufpended from the axle, 
and the weight from the whet*! ; and if the 

radius of the axle be i, that of the wheel 
the weight of the wheel and its center of 

gyration y. Then will -r — ^ — • , x i6 be 

the fpace pafled over by p in i fccond ; w hich 

, K multiplied 
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muUiplicd by 2, gives the fpace paHed over hj 
w in the fame time* Or if p is fufpended from 
the >theel, and w from the axle ; then the fpace 

pafled over by p vill be j*- t:^"^ x i6 s 
ivhich divided by s, gives the velocity of w. 



On the maximum of machines^ ^c. at the end 

■ 

of a given time. 

PROBLEM XXXII. 

Given the weight of a beam -zooib. the arms 
of equal lengths, a weight of loolb. iuipcnded 
from one end ; it is required tp afcertain the 
weight fufpended from the other, fo that when 
it is multiplied by its velocity the produd fhall 
be a maximum? 

« 

Put m zz 2oolb. the weight of the beam. 
^ = loolb. 
K = the weight fought. 

Then will (fee Prob. xxvii.) be the 

2: + / + * 

accelerating force j and ^,"7* = thq momen- 

s* ■ 

tum of which in fluxions is px — 2xx x 



IB • — 

j+^ + x — X X px — X* :^ oi from which 



« 
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we get X + 2^* + — — by putting 

the coefficients of ^r, 2^ + — = «, and. com- 

pleating the fquare, wc find x = + + LJ 
— -J = 44- 



— , the fpace paffed over in the firft 

T 

fecond, =: ^ 63, which multiplied by the weight 
^> gives, the product 11.7; which product is 
greater than can be obtained by aiTuming x 
either more or lefs than given by the theorem. 
But if the weight of the beam is altered, al- 
though the power p remains the &me, the weight 
X will be found to vary. For example, if the 
weight of the beam is 30, then x (from the 
above theorem) will be found = 42, and its 
velocity .38 which x 42, gives 16, the mo- 
mentum. So that by diminiihing the weight of 
the beam, the fame power, in an equal time, 
ptoduces a greater effed on x*f not that the 
abfolute effeft is greater, but the additional 
force which is now exerted on x was before 
employed to move the beanxi 

Again, let the weight of the beam be 360, 
f =i 100 as before, and we ihall find, as above, 
the value of r: 45*33, velocity = .206, 
and their produ£k, or the momentum, = 9.337. 

K a Therefore, 
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Therefore, when the effe£t is the greatcft, 
the weight x increafes as the beam becomes 

heavier ; but the velocity diiiiinifhes in a greater 
ratio : of confequencc, the elle^l produced by 
the power />, in raifing weights, is diminiflied by 
increailnic the weight of the machine. 



PROBLEM XXXIII. 

Given the length and weight of a beam, the 
power fufpended from the longer arm, to deter- 

mine the weight at the end of the Ihortcr, when 
the cSc& is a maximum ? 

* 

Put a = length of the fliortcr = 6. 
n zz its weight — 6o* 
b =: the longer arm =: io« 
m = its weight = loo* 

P = 5^0- 

Then will ■^ *^P^ — — x 1 = the 
inen wui ^ ^ ^ ^^^^ ^ , — 

accelerating force at iv> Let the known terms 

in the numerator be put = n, and thofe in the 

denominator = q^, and we fliall have " ^ 



• 

X w ^ maximum; in fluxions i^w — 4a^ww x, 



fl*v 6 9 3a* 
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amb + %apb — =: n = 63840* 

^ = 17^538*400. 

^ = 2921762844.44 ^ 
Sum 4647 145244.44, the fiiuare root of thUi 

is 68169.9, w^ich multiplied by ^ (= p) is 

1893.61, from which fubtra£l 1501.4814 

leaves 392.13 ^ the weight required. 

The fame conclufion may be brought out by 
a different procefs. .If 4/^7^^ = the cen- 
ter of gyration in the beam. Thea will 



m an 



^ , ^ * ^TT === the velocity of p. 

• • . . ■ . . 

ThenletP + J — 5 = n; andi±." x 



And we have / the effed s which 
by the Problem mud be the greatell poilible. 



The fluxion of tlm espreflioii U nw ^ 
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X q_+f!j? — ^ xKw — 2^ = 0. Whence 

The value of n and q^in this proccfs will be 
different from what they are fouud in the iait ; 
but the valoe of w will be ezadly the fame. 

• For example,, 

X + p = 0.= 540.533* 
^ = 479274.88.. 

= 811600.79. 

1 

Sum i29o873.67. 

\/ 1290873.67 1 136.16; which multiplied 
^, gives 1893.6 
Subtrad 1501.4^ ^ 
Rem* 392.2 = the anfwer as before. 

PROBLEM XXXIV. 

Let the weight p be fufpcnded from the arm^ 
at any didance from the end \ required the 
weight of in cafe of a maximum ? 

Let 
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Let d-^, the fliorter arm. 
b = the longer. 

d zr the diflance of p from the center. 
» =: the weight of the (horter end. 
m = the weight of the longer. 

» 

. The center of bfciUation of the whole, will bfe 
"P-'^"* "t^VZVT^lt: ^ by which 

divide the diitance of the weight and we 

a'^- ■r6>T-'T" 2«a- + 6a"^ == accclerat. 
ing force, or initial velocity of w ; which, when 
multipli ed by w, muft be a ma ximum : its flux- 
ion is amiw 4. %apdw — na^w 4a*iow x 

+ 3fd* ^ nd *^ + 3tf*w — 3<r*w x 
ambw + lapdw — — ^d^w* ir o, mrhich 
multiplied and reduced, gives Ga^vi^ + a^nw ^ 

Let the cocffidentt of the firft power of le^, 

3 + ~ + ^T- + -j^, = c ; then, by torn- 
pleating the fquare, &c, wc get «r 1= 

fl^ V 6 



^ 4 a* 

EXAMPLJI 



Digitized by Google 



72 PART SECOND. 

EXAMPLE. 

Let ii =: I, i = 5, J =: 3, « = 5, « = i, 
/=lo. 

Firft, to fiad the value of the coefficient 

ofw. 
* 

4 = .166 

0 

= -.5 ■ 

^ = 83-33 

Sum 264 zz €• . 

Under the venculum we have^ 
Pofilive terms* Negative terms. 



*i* ST 3125 IMM^F = 125 

lapdmb^ = 7500 ^a^npd* zz 270 

= 6750 11*4* f=: i 
&f^V =: t6loo 

tf^;72^;} zz 25 Sum 396 
la^fdn =60 

Sttmpofitive 33060 
SnmnegatiTC 396. 

DSfierenc^ 33264 -r 6 =: 554^9 to which add 

17424^ (•^) and extrafl: the fquare root of the 

fum,. 
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fum, which is found ^5^'55^% this divided 
by a"" (i), and j taken from it, leaves the value 
oftv ^ 19* SS* weight required. 

The above Theorem may be contradcd by 
putting the known quantities, or terms, in the 

numerator amb + 2apd — r= N r: 84 j 
and thofc in the denominator, mb* -f 3^^^ + na*^ 
=: <^=: 396. Then, by the Theorem in the laft 

Problem, r±J^^^[ — JL) we have the fo- 
lution. 

^ ■ 

6- = 5544 

their fum 22968^ the fquare root of which -r a\ 
or X ~, is 151.55 9 and -^zz 132, which taken 

from 151*559 leaves 19^55 as before, but by a 

much.eafier procefs. 

On the maximum $f bodies^ when the f pace u 

I have now, by various procefles, by different 
methods, and from dififerent principles, demon- 
ftrated what the greateil eflFed is, which a given 
body, aded upon by gravity, can produce in a 
given timi. 1 ihali now pcoceed to demonftrate 

L what 
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what the grcatc fl e(f cl is, wl^ich a p-iven body 
can produce, in falling thr(ni„h a given [pace* 
If the ratio oi w \o x is fuch that the effcft 
procured is the greatcft at the end of one fe- 
cond of time, it will be the gieatrli at the end 
of any other period of time. But if the fpace is 
given when the effeft \% preateft, the ratio of 
«; to ;f will varv, or be diiicitnt to whai ic wal 
when the time was given. 



PROBLEM XXXV. 

It is required to determine the p^reatefl effe£k 
that a given body can produce, in falling through 
a given fpace ?. 

Let w 3= the weight of the body, or power, 
flf =r the refinance, or weierht to be raifed. 
And let then be coniiecled by a line palling over 
a pulley. (See Fig. ii.) 

The accelerating force will be * (Prob. i) 

which multiplied by i6, givrs the feet pafled 
over in the hrll fecond. But the time and ve- 
locity are a& the fquare root of the fpace, and 

will be expreffed by v^^"^*!' ^^^^ multiplied 
by ^p, gives ^^^^-^ t which, by the Problem^ 
muft be a maximum. • Its fluxion is 2tefx«p— 3«'|r 



* 
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X w -f- X — 9s yt ivx^ — If' =: From which 

wc have + zw'x^ which divii^ed 

by 196^ gives X* + = ^c'* ; and -i- + 



^ ^* ^ — , By cxtraduig the loot on 
4 4 

both fidc«, wc get 9s =: ^^/J — ^* 



EXAMPLE. 

•Given tci si 10 ; rcqaitcd 

The fquare root of 5 rr a.236076, which 
muLiipiied by — (= 3), gives ix.i^OjS, from 

which fubtrad ^, and there remains 6*18038 

zz X, When w 10^ this number^ or value rf 
jr, it the maximum for any fpace^ as 4. 14a is for 
any tme. 



Note I. Tt arprars by Prob. iti, the time 
being given, that, when t]jc ciitcl is grcattit, 
the powt*r defcends through 6 6^7 feet in one 
fecond, and, of confequence, Jrom the laws of 
felling bodies, through 26 3 in tvo it^conds, 
and through 3 x 3 x t)*627 ^ 59.6 in three 
'feconds, &c. Therefore, the weight remaining 
the fame, the fpacc tliron*;h \v!ncli it is raifrd 

by a given power will be as the iquare o^ the 
time. 

- ♦ 

.La Note 
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' N9te ^• It appears by this Problem, the fpace 
being given, that there is a limited time, in 
which, the power will produce the greateft ef- 
fedi 

l^ete 3. If T =r any driven time, the num- 
ber ot ftrokcs made in that time will be 



^f^TT^ = W^^TTtX multiplied by 



rw — rx 



gives rJ'J!iflziL''L\ for the maximum ; the 

fluxion of which is the fame as that already 
found in this Problem. 



XXAMPLZ. 

Let T =r 3600 fecondsy or one hour, 
r =: i6. 

Then /^^^J^ 3 2 feconds, the time of one 

firoke ; and T^/^^-^^r: 1800, the ftrokes in 

one hour; which multiplied by 4*143, the 
weight raifed at one iIroke» gives 745^> ^ 
weight railed in one hour. 

But if x = 6. 

Then 
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. Then / - -'-i-^ zz 2.57 fcconds. the time of 

one ftroke, by which divide ;6oc, and we get 
1400 7, the number of ftrokes in one hour; 
which inuitipiied by 6« the weight laiCed by one 
ftroke, ^ives 8404.2 for the whok weight nifcd 
in one hour. 



novum zxxyi. 

Given a power w applied to the circiimfcrcticc 
of a wheel; required the weight x fufpended 
from the axle, when the produA ari&ng from 
the weight into the velocity is the greateft pof- 

fibk ac the end of a given fpace I 

* I 

Put a z=i radius of the axle* 
b = radius of the wheeL 
/ := the given fpace throiqjh which to de*. 
fcends = 25. 

M =r weight fought. 
The accelerating f<*cc at will be ^r^T^*^ ' 

the time in which tir falls dirough the fpace s ; 
by which divide the time T, and we have 

^v^ "ZirT--r-l = the number of Itrokes made 
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in the f^id time. . The number of (Irokcs^ mul- 
tiplied by the weight which is raifed at one 

gives T — --=^ lor the maximum* 



Its fluxion is zbwxx — T^ax^x x b'w + ^z'x — 

♦ — 
m*K X Aw** — tfjr' =: o. From which, by mul- 
tiplication and rcduftion, we g< t la'x^ -f ^b^wx 

^aiwx = ^i and + X = 

Let «: tiien, by com- 

pleating the fquare, &c. we get if — ^ + 11 



XXAMPLS. 

a HZ If & = 2, w ia» 



Then x = 12.74, and is raifed 12.5 feet, 

while w falls 25 feet. The time of dcfcent is 

czprefled by i«4 ift cafe is 
2.^8 feconds. 



KOBUff XTXyth 

«• « 

Let tkft weight of the wheel be given, ss «; 
cemer of gyration y\ a power p ading at 
the circumference : required the weight w fuf- 
ded from the aide, when the. otp in 

raifing 



« 
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raifing it through a given fpacc is tl^c greateft 
pol&ble i 

• s 

r 

Let the radius of the axle be i ^ that of 
the wheel r. • 

« 

Then will — T^2^ " ^ *6 n the number 

of feet which w alctnds in one fccond. . And as 

'Tj^ the time of afcent through the fpace/; bf 

which divide the time T, and the quotient is the 
number of (Irokes made in that time ; by which 
multi:ily w, the weight raifed at one time, and 
we have the whole weight raifed in any givea 
lime and which by the Problem muft be tht 

greateft poifible : hence we have % f p^^r ^ 

for the maximum. The fluxion of which is 
— . — — • 

ffw*' =3 o. From which we get. 

^pr^ -H i^y" — X w = prm)"- + p'r' ; and by 

putting n z=z the coefEcicncs of we get w =: 



SXAMM.B I. 

Let ^ := lo, r =; 2, jf* = a, «i = i 



Thea 



PART SECON2X 

EXAltPLB It. 

Let the weight of the wheel be 4« = m» and 

JF* = 69 to find ic;? 

• 85; and w :r \/8oo + 480 + 18^ 
43 =r 1 2 9 ; and the time of nimg 2 ^ feet 
waU be 4 feconds. 

BXAMPJLB III. 

Given the weight of the wheel lolb. ; the 
power p loib. ; / = lo : required and the 
time of rifing 15 feet? 

From the above data we find n z= 20O9 and 
w \/8oo + 1000 + 10000 — 100 = *3'>3j 

•nd the time •• ^"^ Jfl'J^ x ] s 
5.9 feeonds. 

It appears that, by increafing the weight of 
the whl*el, &c. the time of afcent is prolonged 
near 2 feeonds, and the weight laifed very 
little more (See JProb. zxxii.) 

nOBLIM 
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< 

PROBLEM XXXVIII. 

r^Life |:tie weight y fqfpeoded frppi the wheel 
tbr^iigb i giVj^p fp?C^ j f^qw^d ^9 when xbc 

y . . ■■ is die fpacc paAed over by w 

fcbmparcd with grafvity (1); and, by the laft 



its fluxl6h is tvoxii irx*x x y'm + v> + r** 
— r*jtf X wx* — r;c' = o. From which we find 

<' jir#^4 la .canftnifting machines, k ^ill, in 
general, be of more impoitamei^ «o compute the 
cflFeft produced by a body in paffing over a given 
^gcjpy thai^. at tbe end of a given tioac. 

But fuppofe it (hould be required to affign the 
diftance, at which a giveil power mufl: be ap- 
pXvtA from the a«8 of a wl^eel, fo at to produce 
a greater number of revolutions, in falling 
through a given fpace, than could be produced 
by any different application -of the faid power, 

M in 
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in falling throngh the £une fpace^ in any pro* 
portionable ptrt of the time. The anrwer it, 

apply the power as near the axis as (Irength in 
the machine and other circumftances will admiu 
(See Prob. xiv and xv.) It has been proved^ 
that if a body falls through a given fpace, fup* 
pofe ao feet, in 20 feconds, and produces 100 
revolutions, if applied at twice the diftance from 
the axis it ^will fall through the fame fpace in 
10 feconds, but will only produce 50 revolu* 
lions, the vis imrfkt of the power not con* 
fidered ; but if it is taken into the computation, 
it will require more than iq fecoadu tg make 
50 revolutions. 

• 

For example, ^ 

- Let m -sz ihe weight of the wheel r: 31.9. 
r = the center of gyration =: lo. 
/ = the power 10. 
. ST sz the diftance from the axis at whicb 
fi% applied i. 

Then = the feet fallen through by 

p in the firft: fecond = ^. And as ^'^ foot : i**^ 
:: 20 feet : 2o^'\ the. time of defcent* But if 
X* =: 2, by the fame procefs, the time.of defcent 
will be found 10.046 feconds ; and in falling 
through a given fpace, the number of revolutions 
muft be inyerfcly as the diameters^ Hence, by 

increafing- 



ON THE CE^ITER pF PERCUSSION. 

incccafing the diflance at which the power is 
applied, we diminiih the effed, when the fpace 
18 given«r But if the time- was gtvcn^ the diflance 
might be found fuch, that the cScd would be 
the greateil* • 



PROBLEM XXXIX. 

^ Given the weight of a fly = i= 31.9 ; the 
center of gyration =: r zr 10; the power =: p 
s= 10 : reqatred #, the diftausce at which p muft 
be applied, to produce, in a given tioie, the 
greateft number of turns ? 

Wit* 

the whole refinance of the wheel re- 
duced to pf to which if we add p, we have 
— + ^ =: the whole maft ; the moving power 

being divided by this, gives ^^'^^^ 
multiplied by 16, gives the fpace paflcd over by 
p in die firft lecond ^ which divided hy 2x x j 

( aflf X 3* 141 6)9 gives . the number 

of. revolutions performed in that time. The 
fluxion of which h px x mr* ^ px* — 2pttH 
^^ .= 0. Erom which we get prnr^ p K^ 

i= 2/>X.i and* = ry?l= xoj^^x'j.l, 

;jfvhich, in this Qafc, is the diftance at which the 

M A power 
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power ought (o ht applied, iti britt to pfodnee 
the greateft number of revolutibfts hi a ghtftr 

time. > 



PROBLEM XL. 

Given the weight of a beam fufpended by the 
middle, =: m == 2oolb. ; and a weight p = loo, 

' fufpended from one end : required the weight 
to be fufpended from the other, fo that the ef- 
feA may be the greateft after haTiBg.afoended 

through a given fpace ? 

• m 

It is prefumed that the ends of the beam are 

circular, and that the weights move in perpen- 
dicular diredions. 

« . • • • * ■ ' . 

The. accelerating force will be /j^ ^ ^^ (fcc 

Prob. XXVII and xxxii); the fquare root of 
which multiplied by gives the maximu m = 

m^p^:c ' Its fluxion IS ^pxH — 3flf V X - + / + ir 

• - 
~ If X at o- From which wc have 

+ T - ? + Let > + ^ = 



theHy by eotnpleat ing the fquare, &c. we find x 

On 
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IT has been demonftratcd, that when the 
prcflbre upon the fteam-pifton is to ttie weight 
of the pump-rods and water as looo to &i8, 
the effed is the greateft when the pifton'dc- 
Icends. And. if it is & adjuftcd^ that the weight 
of the ^ds, &c. when in the water» be to .the 
weight of the fteain-pifton, plug-frame, &c, as 
looo to 6 1 8, the engine will do the mod work 
in i giyen tini^» -If the'prefibre of the aSr is 
taken at i4lb. upon an inch, then as looo : 6i8 
:: 14 : 8.65, the weight with which the end. 
(Dver tb^Aiafi flioiild loaded for HYtry iqiiaro 
inch of the fteam-pifton; (not confidering the 
friftion of the parts, or weight of the beam), 
which would amount to 1245IU for every fqtlare 
' foot of the fteam-pifton : but, every thing eon« 
fidercd, this is far too much, and we may, in 
general, make the load from 800 to 86olb. per . 
foot. In large engines, die fridion is left. In 
proportion to their power, than in fmallcngines, 
of confequence the load may be mre* . . .J 

Ptat d =: diameter of the fteSim-eyfinder, in feet. 

q = .7854. • 

/ = the length of the ftroke, in feet. 
p zz the preffure per fopt, in pounds atoir- 
^ . 4upoifc. 
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Put w = 62.51b. weight of a cubic foot of Rater. 
=: the Bttmber of feet the water is to be 
ratfied. 

e 7 diameter of the pump^ in feet. 
g s 6.11761 8|)e . gallons in a cubic foot. 
n =s laaSy, cubic feet ia a hogfl&ead. ^ 

Then w31 

. fd* s: area^of th^ fieam pifion, in feet* 

fqd*^ the weight of the water to be lifted, 
in pounds avoirdupoife. 

1 ^^senbte feet ofwater in the pump; wluch 
fifidcd hy the height bf gives " 

' =: the area of the pump-pifton ; which 
mltiplied by ij^ length of the ftroke gives 

cubic feet ndfed per ftroke. 

• • ■ 

: From which equatioas we biive the following; 
IbeovenSs 




Theo.4» 



Digitized by Google 



ON STEAM-XNCINES. 

Theo. 4. /jr^ s: cabic fee( per Sroke. 

• . ♦ ■ « • 

Thmt 5. glge* s gaUons per ftrokew 

•XAMPtX f« 

Given, the diameler of the fteaMd-cyliiider, 3 
hct ; the length of the ftroke, 6 feet ; the depth 

of the well, 50 feet : required the diameter of 
the pump, and the quantity of water railed at 
oneftroke? 

Here, we have given, the diameter of the ey* 
Snder 5 3 the length of die ftroke s 6 
= / ; the depth of the well $0 ; to fi nd 

ci which by Theo. a, m = ,/^= = 

, ' ^ . W Ota V 3125 

1*55 feet. And the quantity per ftroke by 
Theo. 4, s: Iqe^^ r: 6. x -7854 K ft.404 s 
ii.3z8 cubic feet. 

In the above, p is taken at 835!^ inftead of 
X1459 which it; ought to be taken at, were it tiot 
for the various forts of refinance, fridion, 
which do not enter into the above computation* 

If all cylinders were equally well bored, and 
the work executed in the. lame manner, an efli* 
mate might be made for fridion, &c» which 
compared with the moving power, would always 
be, in the cylinder, as the ^ircumfere^ce to the 
area of the pifton : or, in different engines, k 

woiilcl 



would the diameim of ib« cylipdeni i!nd 
pumps. To which Aould be added, the w^ijht 
the beshn, rods, piug-frame, &c« 

* Gvftni Hi^ ^fiaMt^r of the pump^ i fobtj 
* l!he height- to which l!ie watef 'Is (o be 

^40 feet; to find the diameter of the fteara* 
cylnider? 

Here wc have w = 62.51b. ; A = 240 ; r =: 
«: 2Jad whqc^ 3 ^y^/* z: the whole weight of 
Ae cyUader of water to lie lifted. from ^ich 

>/ jL7.9^ ^= 4.23 feety the diameter required* 

« 

— . • „ KAMPLE HI. " ' . 

Given, the quantity of water to be ratfed ia 

one hour^, z^p bogih^rads ; xh^ depth of rije wa- 
jer, 100 yards; length of the fi^oke, ^J^^i 
"oivnbiex of itrokcs in a nu^utr^ f o : req>iix(6d ibf 

dianaeter pf the jcjliuder aud pump i_ 

200 hogihcads^ the quantity ralfed in one 
boiir, is equal to 12600 gallons, which divided 
l>y 600, the number of ftrokes made in the fam^ 
time, quotes 21, the gallons to be raifed at one 
Uroke. Therefore, (Theo. 5) ai = giqc% and 

0 ^ s/ji^ ^ '^^^ inches,, the 

diameter 
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diameter of the pump: and (per Theo* i.) ^ = 




, = 4,04, feet, the diameter o£ the cy- 

linden 

N. B. If the weighs of tlie pump-rods and 
plug-frame be taken into the computation ; let 
their weight, when the weight of the ftcam- 
piAoa is taken from, them, be put =: n pounds* 

Then wUl 1/ = + ^. And c =? 

ex AMPLE IV. 

Required the dimenfions of an engine to raife 
250 hogfheads per hour to the akitude of 55' 
yards, the weight of the rods being 2000 lb. ? 

250 X 63 zz 15750, the gallons per hour, 
wMch, at II ftrdkes in a minute, is 22 gallons 
per ftroke 1= 3.59 cubic feet =: y/c*, and c' = 

14^; the fquarc root of which is .87 feet, or 

10.4 inches, the diameter of the pump. And 

^ ^ V^-^ + j^] = 3»53 feet, the diameter of 
the c jlinder* . 

PROBLEM ZLXI. 

Given, the length of an engine beam n za, 
its weight =: % weight of each horfe head, or 

■ arch 
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arch at the end, n: r, weight of the fteam-piflon 
and chain = j, u eight .of the plug-fraine and its 
arch^ = Uy its diftance from the center :^ 
prcffure of the atmofphere upon the pifton = ^ ; 
required the weight of water lifted, or re&ilancc 
overcotpe, when the effed: is greateft i 

Suppofe the beam to be fufpendcd by the 
center, and that the pifton and chain are ba- 
lanced by a part of the punip*rod and chain, at 

the other end. Then will the whole weight of 
the beanxy arches, pi don, &c. be 2c -f ,2s + nif 
which put =: r, and let the center of gyration 

m the beam be t, = >^S^±^=: 

T^m^^T^, then will 2: be the 

whole refiliance of the beam, &c. reduced to 
the end to which the power is apphed. 

> 

Let X = the refiftance fought. Then will 
f^xx 16 ^j^^ fpace pafied oyer in the firft 

fecond. 

Let / = the length of the ftrokc. Then, 

As 777?T' • :; / : / X ^ + the 

fquare root of which,' is the time of pafTmg over 
the fpace /. And the greateft eftcft will be ex- 

prbfied 
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prefled by l-^- > fluxion of which 

* a 

= o. From which wc get ^ p x x:s: 

+ I-ct p + 52! 33 « the coefficients of 
and wc (hall have <»* + jm? + = + 



+ from which we find x zz +/* + 

— - ^. Then, ^to find the additional weight of 

the pump-rod, fo that the afccnt of the pifton 
may be perfgrmed in the iame time, as the de* 

/cent, we have As x : p :: s = the whole 

weight of the pump-rods and chain, from which 
fubtrad J, and we have the additional weight 
fought, which, if the rods be not heavy enou g h, 
muft be fupplied by an equivalent weight added 
to the end of the beam, and muft be further 
increafed by reducing the plug-frame to the end 

of the beam, in the following manner, viz. ^ zr 

the i-cfiftance at the end of the beam, and As x 
:p ::!!L I (HL • hence '-^ + =: the hole 

weight fufpendcd at the pit end of the beam. 

This diuiiniftied by X, and the remainder taken 

from X9 leaves x — "^f -f. ^ = the weight 

X X'l " 

of water to be lilted, not coufidcring the friction. 

N 2 EXAMPLE 
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SXAMPLE X. 

Let a zz 12^ m looo, < =r %SOf srzyoo,^ 
U = sooy / 7, / =: aaoo. Theii will r :^ 

2960, and = 1 1 1.55; alfo ^ = 2293; » 
= 5440. 

•^21 :::: 4586000 
^* 4000000 



■7 ^ 739S400 
Sum 15984400, the kpAxt root of this is 
3998, from wluch fabtraft t ^720)9 and we 
have 1278 = x> the whole x^liftance, which 
mud be diminiihed by ^ — / + 50a : 

and we have 785 for the weight of the water to 
be lifted. And if / = 6 feet, the time of de- 

fceoding will be (^l x ssn 1) i.6fecond89 

which doubled, gives the time in which the 
pifton, &c afcends and deCcends = 3.2 feconda, 
which would give 1 8 ftrokes in one minute, if 
the pifton made no ftop at the top or bottom. 

f 

£XAMPi£ IJ* 

Let a zz 12^ mzz 5^00, c zz 1 000, / =: 2000^ 
u zz 500, izz'ji pzs, 14250. Then 2r + 2# + 

m = 
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,f. A* 4r <4- 4jr 

i» = 1 1000 = r J alfo X ^ ^ + I — 

' I + a# «' 

100.36 j6 = ;f' ; and 2I = 7666$. 
25750 ff : from which we have 

•£2L =1 109250000 
sr: 003062500 



— 165765625 
4 . 



Sum 478078 1 25^ its fquarc root is 21865, 
from which take arid wc haarc 9990 = if 5 

£mBL .whicb take - — * + 5? ( *<^9S)> and 
wc have the weight of water = 88951b. 

In tbe firft Example, every fqaaie foot of the 

pifton ralfes 1 2881b.; and inthefecond, 141 sib* 
In the firft, the ftrokes per minute arc 18.755 
in the«fecond, 17.965 which multiplied by the 
weight raifcd at one ftroke, gives 25377 
«4i5o, which difference arifes from the fuperior 
weight of tbe beam, &c. ia the fecond Example. 

• 

Had the value of x been fought, as in Prob. 
XXXV, negle^g the weight of the beam, &c« 
kn the firft Example it would be found 1236, 
and the ftrokes per minute would be 24, hence 
the weight raifcd per minute = 296641b.; in 
tbe fecond Examjde, the weight per ftroke, and 

the 
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.the ftrokes per minme, would.be tke fame as in 
the (irft. Hence, computatrons on the power of 

engines, or machines of any kind, mufl be er- 
roncons when the weight or refiftance of the 
machfaie is negleded* 

When an engine is employed to raife a large 
quantity of water to a little height, the fpear, or 

pump-rod, is not heavy enough to lift the pi (loo. 
with a due velocity ; hence, it has been common 
to load that end of the beam : but it would cer- 
tainly be an advantage to make the end over the 
pump fomething longer, fo that by its iacreafed « 
weight it may bring up the piftoa with a proper 
velocity, and alfo make a longer flroke in the 
pump, and of confequence bring up a greater 
•quantity of water (fee Prob* xiz, 3tx, and zzi). 
Tlie theory oonfiders every part of an engine 
perfcd, but as this can fcarccly ever be true, it 
•maj be an advantage to make the load lefs than 
the theory affigns, in order that it may ftrike 
fader, by which means the lofs of water by the 
.pifton, through the valves, &c« will in part be 
diminilhed* And if the method of computing 
the power in the laft Problem (Hould be thought 
too intricate, an engine conftru&ed by the The- 
orems in Prob..xjLi. will, if well executed, be 
pretty near die maximum. 

ATflEATlSE 
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A TREATISE ON MILLS. 



PART III. 

t 

ON THB VELOCITY OP FLOWING WATER. 



To determine the quantity of water dif* 

charged in a given time, through given apcr- 
tures» and at different depths below the furfacc, 
189 in many cafes^ of great importance* Sir 
Ifaac Nekton, in his Principia^ Book 2, Theo. 8, 
Prob* 36, has deiuondrated that the velocity of 
water^ flowing through holes in the bottom or 
fide of a veflel, ought to be equal to the velocity- 
which a heavy body would acquire in falling 
through a fpace equal to the diftance between 
the. furface of the water- and the place where it 
is difcharged. Hence, at the depth of 16 feet, 
a ftream of 32 feet in Jengtb ought to flow put 

in ' 
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in one fecond of time. And from the laws of 
bihng hoinc9f *ft* fcUowt^ tint 2f the ftjiurc root 

of 1 6, is to the velocity of the ftreain flowing 
out at that depth; fo is the fquate root of any 
othgr depth, to tile Tdocitj at that depth. That 
is, the cxpence of water through equal apertures, 
is diredly as the fquaure roots of their depths. 
But Sir IfaaCy in ma^uiq; experiments, found the 
velocity thus determined to be too great, which 
in different cafes he corrcdcd. Ihc friction 
againil the fides of the bole, and the oblique 
diredion of the particles of water before they 
reach the hole, both tend to diminilh the velo- 
city of the ftream. And if thefe caufes could 
be removed, efpecially the latter, the Newtonian 
theory would certainly be confirmed by experi- 
ment 'f ocrather, experiment would exactly agree 
^th theory* If we fuppofe water running into 
the top of a tube of equal diameter, and that 
there is no attraftion, or fridion, between the 
particlet of water and the &id tube, the velocity 
of the water, or of each particle at the bottom, 
will be the fame, or equal to that which they 
would have acquired in falling through the fame 
fpace, witbooe the tube, toward rife earth. Hence 
to obtain the true velocity, under different cir- 
cumftancesy we muft corred the computed velo* 
dty, by ezperimeills. And in order to fiitisfy 
myfelf of the accuracy of thofe made by others, 
I have taken the trouble of making a coniiderable 
aumber : • few of which I witt infert* 

From 



Digitized by Googlej 



. VELOCITY* OF FLOWING WATER* 97 

From the experiments made by forae authors, 
k appears, that the velocity of effluent water is 
fhuch lefs than affigncd by the Newtonian the- 
ory : fo much lefs, that they have concluded the 
velocity ought to be the fame, as that acquired 
by a body falling through a fpace equal to half 
the depth. But this muft be erroneous ; as the 
obferved, or real velocity, can never exceed that 
affigned by a jud theory, wBereas it does exceed 
that affigned by this theory/ but from impedi- 
ments, may be expeded to fall ifaort, more or 
lefs. When I began to make experiments, I 
wi(hed, as much as poflible, to get clear of thefe 
obftrudlions, &c. ; and, from the recommenda- 
tion of authors, I began with making the aper- 
tures in plates about V^th of an inch thick : the 
tcfult of which Is coniaincd in the following 
Table, where it appears that the obferved velo- 
city, at the depth of 8 feet, falls 4i feet (hort 
of the confiputed.— I afterwards tried various 
forms, all of which gave more water than the 
thin plate. But as my view was to obtain the 
greateft velocity, I fliall take no notice of any 
but the cone, which I found to be the bed:. 
This I made of brafs, about r&th of a foot in 
length, and the top diameter about twice as 
much the bottom, or aperture. The ftream 
difcharged through this is remarkably different 
from that difcharged through the plate. This 
a]>p«ar» like a piece of cryftal glafs, to the du 
ftance of fome feet, more or lefs, according to 

O ' the 
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the head; neither has it that contraftion J"'' 
bdow the' apcituie as obferved in one flowing 
through a thin plate ; and the obferved vclocit^^ 
at the depth of 7 feet, only falls foot fliort oi 
the computed. 

PR0C£3B« 

The apertucc was firft bored near the in* 
tended fize; it was then finiflied with a piece 
of hard fteel wire, one end of which was made 
like a fquare pyramid, and the other fixed in 
the fpindle of a lathe. The wire was .afterwards 
broken into a number of pieces, which- were 
placed clofe to each other on a diagonal fcale, 
and the fum of their diameters obferved^ tbey 
were alfo ineafured by a fcrew micrometer : all 
the different pieces were meafurcd by feveral 
gentlemen, who never differed fo much as reWth 
part of an inch in the diameter of a piece. And 
from the velocity of the water through the dif« 
fercnt holes, or thoie made by different wires^ 
' I have reafon to conclude that their diameters 
were all meafured to tb^ 'greateft degree of 
accuracy. 

To obtain the quantity difcbarged in a tim. 
•—An afTiflant clofed the aperture with a finger, 
till the tube was full, and held the pendulum of 
a half-fecond time-piece with the other hand; 
then, removing both hands at the fame inilant, 

the ' 



VELOCITY OF FLOWING WATER, 99 

the water was fuffercd to flow as lon^ as conve- 
nient, (by a conrtant fupply, the head of water 
was always the fume, during tlie experiment) 
and was (topped at the end of any given time^ 
to the greateil degree of accuracy. 

To find the velacity.'^The water difcharged 
was weighed, reduced into cubic inches, and di- 
vided by the area ot the aperture, in inches; by 
which the length of the ftream run out in the 
whole time^ was known. 

Experiments^ with the aperture made in a plate 
about Tf^tb of an inch thick* 



TABL£ I. 







.S . 




9k 

•c . 


•0 

c . 


0 . 


Number. 


1 

.S 

1 


< 


So 3 
9 U 

- P s 

u C c« 


> 


u s 


IS ^ 

g-s 

Ii a, 

5 


I 
2 

J 


'•375 

2.2 


•C055 
.C055 
.0055 
.0055 


16.97 
21.4 
30.6 
40.8 


9-38 

11.86 

16.9 

22.62 


7 4 
9 3 

13 35 

17. 8 _ 


6-7 


5 

6 

7 
8 


'•375 
2.2 

45 
8. 


.C I 227 

.01227 
.01227 
.01227 


37-9+ 
48.1 

68.4 

92.2 


938 
11.86 
169 
22.62 


7 42 
9.41 

13 37 
18. 1* 


6.8 


9 
10 


3.66 
8. . 


•0046 
.0046 


23.17 
34-39 


15-31 
22.62 


(2.o8 

18. 


6.6 


II 
12 


3.66 
8. 


1 .007 
I .007 


35-36 

90.9 


»5-3» 
22.62 


1 12.12 
1 18.03 


6.5 






1 8. 


.09 
.09 


454- 
674. 


>5-3' 
22.62 


I2.IoiS 
47.97 


1 6.6 



O a /« 
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In the fix following experiments the water pajj^ 
ttnreugh a cone^ -f^tb of afoij^t in {engibm 

TABLE !• continued* 



• 

1 


Head, in feet. 


Area of the hole, in 
* inclies. 


«« t 

— £ 

c — 5. 
P 0 

" r 

•f, «= C 
1> C CO 


Velocity per fccond, 
by computation. 


1 

Velocity per fccond, 
by experiment. 


Difference, at the 
depth of 16 feet. 






.CO46 


, 26.87 


15,2 






i6 


3.61 


.007 


1 41.16 






2 


17 


3.61 


.0141 


i «5.3 




14.52 






/• 

7- 
7- 


.CO46 

.CO 7 
.0141 


37-43 

57-4 
117. 


21.16 


»9-53 
19.68 

19.91 


2 



The following experiments, were made by the 

Abbe Bolluet ; his refcrvoir was 3 feet fquarc 
within \ tke oritices through which the water 
iflued, were made in brafs plates^ about ^th 
of an inch thick. 

N. B. The meafures are taken by the Paris foo^ 

Height of the water above the center of the boU^ 
1 1 feet 8 inches and 10 Una. 

TABLE II. 

• 'B7 a circular onfice, 6 lines in diameter, 23 11 cubic iocliei 

1 inch in diameter 9381 [per min. 
a inches do. * 37203 

Br 
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By a fquare oridce» i inch by 3 lines 2933 ^hic inches 
. . I inch by 1 inch 11817 [per mill* 
t inches fquare 47361 

Height of the water^ 9 feet* 

By a circular orilicci 6 lines in diameter, 2018 cubic inches 

I iucU do. St 35 [permia. 

Height ef the water ^ 4 feetm 

By a clrcvilar oridce* 6 lines io diameter, 1353 cubic inches 

\ iucb do. i4S<$ [permia. 

In Englifh meafure, the head to the fix^firft 
experiments is 12-5104 feet; the computed ve- 
locity 28.196 feet { and the otrfinrred, ^ a mea^ 

n^ar 1 7^ feet* 



Experiments from F. D. Michelotti's Sperimenti 
Idraulici^ 1^ refervoir u& 20 feet 

high, and 3 feet fquare within, and had 
openings at different diftanccs below the top. 

^ It was fupplied by a canal 2 feet wid^, tbo 
bottom of ^which was horia^pntal. The water^ 
ran into a ciftern, whofc area was 289 fquar^ 
feet, of an uniform Agure, and the quaatit]^ 

. was meafured by taking its height in th^ 
c.ifi;(;rn.--fT!^e.i9es^ttr^ are Frcpclju 
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TAhUK III. 



Size tod kind. Head above thefTime ofCubic feet of wa-* 
of hole. 



Squartt of 
• 3 iocfaet* 


Fm. Inch. Lia. F«« 
6743 
6 10 2 8 
II 816 

II 9910 
21 836 

21 870 


Minutes. 

to 

12 

10 

5 

6 


Feet. Inch. Lin. 

463 7 3 
c66 c * 6 

516 9 5 

612 I 5 

415 5 3 
499 2 8 


Square, 

of 
2 inches. 


6 760 
II 5 I 4 
21 5 3 7 


15 

'5 

10 


3^9 9 8 
423 5 7 

3^5 4 0 


Square, 

* of 
I inch. 


6 910 
II 10 8 I 
21 610 


30 

24 

60 


158 6 7 
163 9 6 
562 li 4 


Circular, of 
3 inches 
diameter. 


6 840 
II 7 1 Q 
21 740 


15 
12 

8 


542 10 6 
570 II 8 

521 3 7 


Circular, of 
2 inches 
diameter. 


6950 
II 880 
21 10 10 0 


30 
28 

20 


488 8 3 
589 6 s 
515 5 


Circular, of 
1 inch 
diameter. 


6 10 6 0 
II 8 II 0 
22 020 


60 
60 
60 


247 4 3 
324 « 5 



In the firft experiment, the head, reduced tm 
Engliih meafiiFe, is 7.049 feet, and the com- 
puted velocity 21.2 feet. The quantity run out 
in 10 minutes, in French mealure, is 463.604 
cubic feet ; tht area of the hole is .0625 feet, 
hy which divide the quantity, and we 'have 
7416.06, the feet run out in 10 -minutes, which 
is equal lo 12.36 French, or 13.175 Engliih 
feet, in one fecond ; or, the true quantity is to 

th« 
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the computed, nearly as 5 to 8 : and nearly the 
iame refult is drawn from all the experiments 
made by this author, of which 1 have copied 
but a few. 



Fxperiments by MefTrs. Brindley and Smeaton; 
the water extended over a large furface, the 
depths meafured from that furface to the top 
of the holes. 

TABLE IV. 



Si'se of the hole. 


Heady in feet. 


Time in which 20 
cubic feet run out. 




I . 


9 mio. 2 2 fee. 




a 


6 40 


I inch fi^uarc. 


$ 


S 20 




•4 


4 44 




S 


4 >4 


\ inch fquare. 


6 1 17 33 



TABLB V. 



Notches 6 inches 


Time in which JO cnbic 


wide*. 


feet run out. 


1 inch deep 


7 min 


u 16 Ice* 




•4 


55 


si 


a 


«9 


I 


33 




0 


30 . 


s 


0 


4^ 


• 

5 


26 


,:} 


3 


55 


si 


0 


4* 



Experiments 
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£zperimtotl by Profeflbr Helfliaid, of the utii- 

vcrfity of Dublin* 

TAB1«B vi» 



Head, ia 
feet. 


Diameter of 
the hole. 


Time, in 
fccond*. 


Weight, in 
giains. 




inch 


Id 


2944- 








47040 






r 


72960 




• 




178560 




1 

TS 




2087' 




-A 


« - 


33600 


s 


1^ 




51840 


t 


1 

TV 




128400 



In the firft fourteen experiments in Jablc i. 
tfie velocity^ or qisantity difchar^ed, is fomething 
greater than in the following table?, ihougii tlie 
orifices were made in fiat plates ; this is owing 
td-tbe for»of (be iewer pact of the tube being 
tUtc frnftdm of at cone, and thr plate being half 
an inch in diameter. In the fix laft cxperi- 
mentSy where a cone is fubditurcd for the plate, 
Vfe hive. the. velocity coilliderably increafed : fo 
much as, at the depth of 10 feet, to fall only 
• a feet ihort of the computed velocity. But if 
the lalws of bydroftatics afligned no greater ve» 
locity to flowing water, than that which ^ould 
be acquired by a heavy body in falling through 
half the depth, we (hpuld hare an eSeSt pro- 
duced without a caufe. For the veloeity at the 
depth of 16 feet fliould be, according to that 
law, the lame as a body^ would acquire in falling 

through 
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through. 8 feet, or 21.627 feet per fecond, 
whereas it is, in faft, 30 feet. And whatever 
advantap^cs 1 may have taken, in rcfpc^ to the 
form of the eontaining veflfel, this alters not the 
preflure of the fluid, or the laws of nature, 
but tends to remove the impediments. ' 

But from tfaefe experiments, we arc not to 
conclude, that the velocity of water, as flowing 
through orifices made in large furfaces, is in the 
fame ratio. Sir Ifaac Newton concluded, that 
the oblerved, or real velocity, was iefs than the 
computed, in the ratio of 1 to the iquare root 
of 2, or- as I to 1*414; the Abb6 fioduiet, as 
ICQ to 150 ; and F. 1). Michelotti, as 5 to 8, 
&c.— The quantities in the foregoing tables, 
msdvtced to thie (ane denomination, (land as 
below: 

Newton • • • - .707 
fipfliiet - * • • • .615 ' 
Banks ------ .750 

Michelotti - - - .625 

Helfliam . • • • * .705 
Sineatoii - - - - .631 

^^^^^^^^^ 

6) 4-033 
^ Mean = .6^2 

ft 

Boffoet and Michelotti have made experiment 
iipon the largeft Icale of any I hzwt heard of, 

P • though 



£XAMPL£# 

Given the depth 6 feet, to find the velocity ? 

Let d =- the depth, in feet* 
V = the velocity required. 

Then, .672 x 8 \/d =r v\ \/d = 2.449, 
vbich X 5i the required velocity* 



106 PART THIRD. 

thou;;h they do not give iKc <,rcar(ft velocity; j 
yet they were both agiced uitU Str ifaac in the < 
method of computing ir : hence, they could not < 
be biair. J to .dVLair a clifTciciu liicoi v. — if we 
take the mean vcloci y of the above cxpcrimentSi 
mrc find, it to be iVs9 of the computed ; or their 
ratio is as 55 to 8: viz at the depth of a foot, ^ 
the a&ual velocity from them is 5^ feet, and in ^ 
the fame proportion for any other depth* \ 



When water is difcharged through perpendi- * ' 
cular fcdions, the velocity at the bottom will be 3 
fomethin^ greater than at the top of the orifice, t 
but if the depth on breadth of the orifice be but 
little, compared with its depth below the furface 
of the dam, we may take the depth of the 
center of the hole for the mean depth, without 
fenhble error* 

I 

Meafure the depth in feet^ extrad the fqnaff 
f^ot of that deftb^ and multiply it by 5*4» wikk 
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gives the velocity in feet per fecond; this midtiplied 
hj the area of the orifiee in feet^ gives the number 
"rf cubic feet wbub flows ota in one fecond* 

EZAMFLB* 

Let the depth be i o feet, the breadth of the 
orifice 7 inches, and its horizontal length 4 feet ; 
required the quantity of water expended in one 
fecond? 

The fquare root of 10 is 3.162, which muU 
tiplied by 5.4, gives ly.cyj^^ feet, the velocity 

per fecond. '1 be area of the orifice is 

ay feet, by which multiply the velocity, and we 
liave 39.84 cubic feet per fecond. 

If the breadth of the orifice is great, eom* 
pared with the head, we muft' compute the vl!. 

locity at the top and bottom, and find the area 
of a perpendicular feftion difcharged in a giveii 
time* 

- . SXAMPL^. 

Given the perpendicular depth of the orifice 
.« ieet, its horizontal length 4 feet, and its top 

I foot below the furface of the water in the dam, 
to find tlie quantity difcharged in one fecond I 

, See Fig. xx, where B is . the furface of the 
« water, BA the depth of the upper iidc of rhe 

Pa prifice 
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<>fifice, and bd the depth of the bottom thereof. 
BD is the axis of a parabola, ac and dg ordU 
nates which reprefent the telocity of flowing 

water at tbc-fc dUlanccs from the vertex ; we 
have, therctore, to find the area of the fedtion 
AGOD, which will be done by finding the area 
of BDG, and deducing that of bac from it. 

Put DB = £/, AC = tf, DO rr If, BA r: t. 
Then the area of bod — , and that of bac := 

2^2; hence — — — = area of acod. For, 

by the above rule, the velocity at the top it 5.4^ 

at the bottom 9.24, and the area required =: 
X4.82, which muhiplicd by the length, gives 
59.3 cubic feet per fecond. 

• 

Of the quantity of vmtir dtfcbargei tbrcugb fUu 
or notches cut in the Jide of a vejfel or tiam^ 
and of en at the top. See Fig. xxx. 

If the furface is confidered without motion, 
and the velocity below increafmg with the fquare 
root of the depth, then the area of the perpend 
dicular feftion will be a part of a parabola, and 
will be found by multiplying the velocity at the 
bottom by the depth, and taking two-tbirdt 'of 
the produS for the area, which again multiplied 
by the breadth of the notch, gives the quantity 

. . 01 



« 
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er number of cubic feet dilcbarged in the given 
time. 

For Example, 

Let the depth of the notch be 5 inches, and 
the breadth 6 inches ; required the quaatirir IWI 

out in 46 feconds i 

The depth in feet is .41669 its fquare root is 
•6455, which muhipHed by 5.4 x ^ r: 3.69 

gives 2.3238, this multiplied by .4166, the 
depth, produces 96825, which being multiplied 
by the breadth, half a foot, or .5, gives •484i« 
feet per Iccond ; this multiplied by the time, 46 
feconds, gives zi 2(>^>cubic feec* — The (ixth 
experiment in T-^.c v. gives 20 cubic feet* 

. For another Example, 

< 

Let the depth be 3^ inches, the breadth 6 
inches ; required the quantity which flows over 
in 93 feconds i 

• • • 

Let 4 =: the depth in feet; 
6 zz the breadth in feet« 
n 3*6. 

Then, ^.6dby/7 zz cubic feet per fecond : in 
this iixamplc, d zz .2604, ^ = .5, ^ .^i ; 
diefe multiplied together^ produce 12.227 ciri>ic 
fiset: liiore. than tht experiment by 27 feet, 
nearly. — At the depth of i inch^ the computed 

quantity 
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quantity is 18.727 cubic feet, bu(t by the ex- 
periment it is 20. Alio, through a notch 1 inch 
fi|uare9 the quantity^ as near as can be meafured 
by experiment, is 8.6 cubic feet, and by com- 
putation only 7 3. From which comparifons it 
appears, that all the experiments have not been 
equally accurate. In the above method of com- 
puting, the furface of the water is fuppofcd to 
be without motion; this is not (Iri&ly true in 
hny cafe, but more efpecially in rivers : though 
the deviation from experiment, in ftill water, is 
not great. And if we wifli to take .the velocity 
of the furface into the computation, we may 
proceed as in finding the quantity which flows 
through an orifice jult b(%^ the furface* . 

^ Let r= the velocity of the furface. Then 

Mi — i s the head which would produce 
^ 5 4 

that velocity, if this is added to the depth of the 
notch, we lhall have the following Theorem, 

via. ^ X d-i-i X SAVd s thc area of 

the fedion, which mukiplied by the breadth of 
the fedion, gives the number of cnUc feet per 

£:cond. 

'XXAMPI.B. 

. Let d = I foot, the depth of the notch \ 

% foot, the breadth ; v is x fotit per fecondi 

. 5^ Then, 
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Then d h zz, 1.034, ^/J" = i. and — SS 

- 3 ~ 

.0228 ; or 1.034 X 5.4 X J — I X ; = 3 7003^ 
the area 5 or ^~^b x 3.6 y/d^ — =: the area 

which multiplied by A, the breadth, gives 3.7 
cubic feet per fecond. 

In this Example, by taking the velocity of the 
furface to be one foot per fecond, the quantity 
run out in a fecond is one-tenth of a cubic foot ' 
more than it would have been had the iucfacc 
been fuppofcd without motion* 

On tbi impulfive force of effluent water. 

« 

The prcffure of water, upon a given fur£icc^ 
is direaiy as the depth, whatever may be the 
•figure or magnitude of the containing vcffcl or 
refervoir : but the velocity is as the fquare root 
of the depth, and the impulfe as the fquare of 
-the velocity, or as the depth. In addition to 
the demonftration already given, I ihall add tbi^ 
foibwing obfervations ; 

% 

1. The depth of the water may be confidcred 
as the power which proje&s or impels the flow* 
ing ftream* 

a. The quantity and velocity conjointly, ate 
the effe& of that power. 

3* Could 
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3« Could we confider the velocity atone, and 
foppofe the power to z& updh a fin^'le particle, 
in that cafe, twice the depth would produce a 
ilouble vdocity in the faid particle* 

' 4. Alfo, if a given power communicates t 
certain velocity to one particle, double that 
power would communicate the iame velocity to 
iwo particles* ' 

5. Therefore, if a given power gives a certain 
Telocity to one particle, it will require four Atnet 
that power to communicate two degrees of ve- 
locity to two particles. And in water tiowiQg 
through a given hole, -the quantity will iiicreafe 
direftly with the velocity, viz. a double velocity 
xauil give a double quantity, and of conicqutnce * 
* the power which produces it is always as the 
iquare thereof. From hence, we infer, that the 
cffcd of a ftream of water flowing through a 
given ioritice, ought to be diredly as thcdepih 

that orifice: that is, if a ftream of water floM 
through a hole at the depth of one foot, aUd 
produces a given effed; a ftream flowing through 
the fame hole, at the depth of four feet, ought 
to produce four times the cpflSpft, though the 
expence of water be but double. 

The abfolute force of a ftream has commonly 
been eilimated by the weight of a column or 
prifm of water^ the feftion of which is equad'to 

the 
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• • • 

tit ^ai c^f thai orifiee : this Is ^Ite €t\xe meaTure^ 

of the prcffure againft a given furFacc, but th«' 
water in motion ought to. produce t grcsttet . 
efiea. 

\ti order to compare the impulfe of a given 
firfam with the weight of the column whtck 
impels it, I made the experiments in the, fol- 

lo\jfing Tabic. 



Mio. xxiu * ; 

iThe lever or (leel-yard Nt, moveable on its 
^e^tef c, was fo fixed, that a poinf in th0 pliit^ 
>i,;(the head" of a hook h riveted into it) waa 
exactly under the flream x, and the movcablf 
weight w fliifted till the force of the ftream 
iireuld raife the end l from the prop p. When 
tbe ftream was flopped, or the lever removed, 
weighx was applied to the hook>i&, till tlie end li^ 
Has raifed fifoift prop, ^ by the fti eaia ; hft 
which means the force of the fti^eam, eoiliparedl 
with a dead weight, was obtained, — In the third 
Pj^umn of th«. Tablc» we have thai Weight o£^ 
cylinder of water, the length of which is equal* 
to the depth in the firft column, and the fettion 
equal the area lof the hole in the i'econd , and 
while the hole remains the fame, th^ weight , 
liruft be eitaftly as the depth ; aAd alfo in the ' 
fourth column, the. force, though more than the 
fiteight, is ftiil direftlf as the depth ; or, tlve| 
ferces,*i» ffleafured by e<perimehc<*, though they* 
- * differ 



differ a lUtle, are near enough to prove thaf 
tb^ incrrafe with the fquarc oi.tbf y,(doat{t or 
iritli the depth, durcdl^* 



1 



ptb, ia 



ilAret of the 



9.0833 



f.fj 
r 5416 



498 



7 'Uflfi 



.0055 
.0055 

.6P55 _ 
•02259 

022J9 

.022^9 

.0141 
.0141 



S 

4. 



4 

6 

18 
4< 



^ 4 



3 
2 

to 

7 



grt 
O 

10 



Wcijrht of the per-jForce on thn 
pcndicular colun>n., ftfch'yar^ 

0 25 

1 II 

5 

H 
10 



^^^^ 

7 
ro 

31 



4 



10 



^Qlfe, "^not be meafttrcd, by tu ' ettbdt on a 
wheel, when that wh^cl is confined in a chajRf 
net ; tor in that cafe, the ftrcam, when it hat 
ftruck the float-boardi, cannot make hi efeape, 
iBia <fittlKrf«fere hoi)pett XM" raUej^^agabiftlth^ 
floats muck higher than it wouid hf 4fa|4ibtrcf 

#14. c i.-'^ 03idv5» ic ?>»ia" 

» 

On emptying of vejik* t 

y"^Thc velocity with which wattfr flows, through 
I^ti6ces» -may be bbtamed by knowing the tinft 
fh <#Hia< iet^irid'ecv^c 'it Emptied b^ the waim. 
tlinnin^ out through a^hoie in tfa<f66t|otii. ' ^ 
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«=rthc area of. the ftreain^ or orifice^in 
inchei« 

J =: 1 6 feet, the Qiieeihrough which a bodj 
r — nlcfccnds, hy gravity^ in uiie Xtainik 
m sz 5^ feet» the vclocttj aci|uircd-at tl^c 

* chd of oo^^lecoiid* . 

<^ ^* . • - . . . • H I 

en. An s/7 : m :: V?: tterve|oqiy 

' 4// . > - I 

t&e Ipcj^c, per tccondt at tlu^ fiift mftanu 

ling-liiffecic per ieamd......,AIfo» ^^^^ 

r: x' : tBeMiAi «l di« tine of eaiptyiiig t 

9f EtperiroeHi t» A cylMrkil t«be <|«i<6 feet 
j|ypg^,^|i^ t^-y^i incbeS; diameter^ ^aaexhaufted 
In 3 minvftet and 16 frcoadij thffM^b ahatoirlN 
airea of vAadi «aa •0141* 

^„^I«riroCTf a. Tlw «» of the eylinderfiid 

fififici^ l^hc fame, the length of the tiri>e 6'4j8 

134 . la 
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In Experiment :r ^2^^ S= 3 

nutcs and fccond, wltich wpuW bto true 
time, if at the depth of 16 feet the velocity was 

3a feet per feccnd. In Hxpcrimcnt 2, = 

iJb^l^^ s 4 mnitttes and no feconds, the time 

.0564 

of cxhaufting, by theory. — From thcfc experi- 
ments, to velocity per fecond, when m 
s: u. Ill ? tbe.tim^ wK^ufting^ we hitve,. 

Smm the aboTo cxprefieo^ ^^^3=^} frpmwfaith 

\lft find / = ^2^5^ y lapd frooi,jthe firft experiment 
» equal t6 13.6974 feet: In the le. 

* 3.7050 

^n^^erimcnt, j ==i^^^^*y ==13^863 feet 

In thefe "eiiperimcnts there is no difficulty in 
t>bferving the time to half a fecond, or nearer. 
'The length of the tubes can aJfo be truly mea- 
i^red ; but to jobtaia the area to ^greater de» 
0re«*4a£ d^otmwf; ^be <ratdr was weighed^ r6», 
duced into inches, and the fedien computed* 
Taking the mean of thefc two experiments, at 

Che deptb-of 15^69^8 iett^ tboi'vejocky is 27 3^36 

fcQt per fecond. And As \/i^.6giS : 27.38^4 

; : %/T6: %9*6 fytt^ the (vdocity • tti t6 feet, ac» 
cording to thefe eacpermiCTrtt. . .. •. . . ^ 
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VELOCIT V fiF ^QW»^ WATER. Mf- 

'JSjtperiminis $n tb^ velcrify witk whieb matip Jhwi 

' • * \ ' . 

i$ ^ v^i&l, 3ic. containing water, filled tP 
the line i^;; 4 trended tube, or ^pbpn, ^fi 
.the ihorter, n^b the longer leg ; f ^ the perpeiv* - 
dicuUr altitude of the crown of the fyphoji 
^hove th^ level of (b^ water to be conveyed 
ikroughit; sb tht perpendicuiiir h^^ight pf tbt 
<lifference of the two Itgs : the who'e being 
filled, this difference U th<^ ppwer ^l^i^h ^\MtJI^ 
motion to the whole; for if both ends were, 
placed in the fame veflel of water, whatever 
might be their lengths, their endeavour to dd.* 
j(;^d v^ould b« as the pKsrpendicular heightsi 
and thefe being equal, there could he no motion. 
When V is not elevated more than 30 feet, the 
jrater m vb begins to defcend, and the wcjght 
ipf the atmofphere caulep that in tjh^ y%9^ 44 K 
follow gp the tube sv*. 





Perpendicular length 
below the kvcL ; 


i 


Weight p<r miinite, 
in cunces Avoirdu- 
poife. 


h - 

0 

U 


• 

•■s 

1 

S ' 
ft 1 


' '21 In. 


24. 


.0141 


3-75 


388*** 


**4 ^99 


, 39 


27-5 




4.075 i 


4.158 


5-«44 




26.5 




4-095 • 


4C64 




62 


55-75 




5819 


5.904 


7.466 


.^62 


35-75 




463 ' 


4. '76 


5.98 1 


. 97 






^HS ! 


^•4« . 






20. 

^ • 




3-3»7 




4-47^ ■ 



Without 



.c Without regard to the height of the 'l^ df 
the fyphon above the water, the quantity >oi^ 
vetghc difcharged is ncaurly as the fif uaro rcM^df 
the hei»;hi sk For, though the weight of th* 
V^atrr in the tube docs tor a moment retard th^ 
fUpcilf* yet ivbca once put in motion, > that 'tt^ 
-fiflancr, by thefe experinients, b not worth no* 
tice. And vhile the top kee ps f ie e fiom a ir 
we may compute the velocity by taking th 
^iiStrence of the legs, and proceieding in- tfai 
feme manner as 'in -finding th» tcloci ty tbroug! 
ttif l^tiona or iide of a vcffcl. ] . 



'Experiments an the velocity with which, fimiei 
c/cends inu a vacuum^ Igf tbi fTefur$ tbi 



.To make thefe experiments, I procuredoi 
miittbcr of tnbes, of diflerent letifths^ th b who 
when fcrcwed together vras near 40 feet long 
thrfc were fixed in a ftair-cafe, in fucb^a.man 
tha%l could make ufe of the whirie ior of f *p|if 
as- the experiment required $ the highcft 
fumifhed with a ftop cock at the 'top^ fo- 1 
when the water was raifed by a fmall pump, by 
turning tho coek^' ithc mbe bdov^ alwaiys*JM> 
mamcd full of water/ Next, the receiver, Fig^t 
was exhau(Ud, accuratdy weighed^ tbe^i 
Ib^wed upon the pipe or liibe^«ilia«aiak]i^MDd|f> 
tl»4..^1|ll.WSIMf ^fi^Kcj XO Jk>wj ijtto^lhe^ ita^ 

cuum- 
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VELOCtTTTtSIF f LUnVlNtf WATE1L ir^ 

^Hgimffotw^ convenient timtf,« which iwal mo^ 
^yne^f^' tDtime-piece. 'Ihe receiver was tbeif' 
^fcrewed, 2nd weighed again, by which th« 
^SigH of the water which entered in a givett 
faiown : and as the area of the orifii 
alio known, the velocity was eafily computed^ 



•or. 




1 



•'JMrbea thefe experiments were made, the ba^ 
rofieter flood: from 39.5 to inches, and af 
the. preftin^ 11 frequently varying, the velocity ol 
the rifing water mud alfo vary. At the furFacc' 

•C.iho» sratti^ mdir the gtcattft ia4 kaft|>refr 
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fiitc, the velocities would be in the ratio of 37.^4 
tO^tf. At the altitude gf 16 tceU^JU ^O-iCLftjC* 
Jkt the height of t6 fe«t, u 13 to 17, tee. lii* 

thefe experiments, the area of the hoic is fmall, 
ODmpared with the area of. the lower parlot xhe 

ttfbe^nf the tube: va^ e^^lly widt,^lis"tn^ flMh 
lower part of a pump, the velocity of the water 
would he inuch lefs. And when a column of 
wtter is to be moved by the height or fpring ot 
the ah", 'as in a pump, the fitter id not inftant* 
aneoufly put in motion ; an^ the longer the 
4ube, ^ the longer is the water of acquiring tti 
ffieaceft velocity. ' ' , 



N. B. In the above experiments^ I frequently 
made tbe -vacuum without mn air-pump. UpoA 
the tart tube, above the cock, I fcrewed Us much 
more tube, as made the whole height about 36 
fe«^ ;^ ibciit an open receiver, furniflied witll 4 
ftop cock «t the top, was fcrewed upon die tubei 
the whole was filled with water, and covered 
With leather and a plate, with the jct-pi{v:iaiiA 
eock I after this, the cock in the tube 'wai^ opea- 
od, anvd the water defcended out of the reeeiif er 
and down the pipe or tube, till the preiTure gC 
the air could fupport it : the cocks being turned^ 
At.r«jeivef ms uakwwtif perleftty efldMitS^d^ 
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A TREATISE ON MILLS- 



PART IV. 



8XPC&IMENTB OK CIRCULAR MOTIOIT. 



- Im thii part, many of the principal theorems 

md problems contained in the firlt and iccond 
parts of thi& work are confirmed by cxperU 

• The machine^ Fig. xxiv, is ufeful for making 
Experiments on circular motion; and affo fof 
eompartng the efieds produced by a given weight 
in falling through a given i'pace, when applied 
It different diftances fron^ the axis, .&c. The 
cylinder k\%% inches and B 4 inches diameti^r. 
The wheel w has 84 teeth, and the pinion p has 
I. The. bails cc laay be of any weighty , and 

« ' ' ' R fixed 
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fixed at any diilance from the center g. In a 
rod or arm revolving cound a center, it wiil be, 

as the velocity of any point in that arm is to its 
didance from the center, fo. is the velocity of 
any other point to. its dillance, &c. The balls 
cc make joi turns, vhile the cylinder a makes 
I ; therefore, if the difiancc at which they arc 
placed be multiplied by loi, the product will be 
the diftance at which a body muft be placed 
from the axis of the cylinder a ; and to revolve 
with it, the velocity of which ihail be the feme 
as that of the ball Ct 

. For Example, 

Let the balls be at the diftance of 6 inches 
from G, this multiplied by loi, gives 63, at 
which diftance a body revolving round with the 
cylinder a, would have the fame velocity with 
the balls c c. But their central forces, being 
as the fquares of the velocities divided by their 
diftances, would be different: in this cafe, at 
^ : , for their velocities arc equal, or v 

but their forces are ^ and 

In the machine, the wire arms arc each 8 
inches long, and weigh 22 dwts. together $ tb# 
diftance of the center of gyration is 4.€l inches 
from their center, where the refiftance is equal 
to their weight, but reduced ^ the end of tht 

arm 



^yi.i^L-o Google 



ON CIRCULAH MOTION, 

■ 

irm it only equal to 7.33 dwts. $ and at any dU 
ftancc d the refiftance will be = ±EliLii. 



XXAMPLE. 



Let r -=1 the radius of the cylinder from which 
the weight m is fufpended. 
1 = the diftance oc x 10.5. 



Mr* 



' Then will -r- be the force exerted at c to 

X* 

give motion to the bails. 

Let r =: i.... » 
/ = 84* 

M = 8 oz. 

c + c 8 oz. 

* ■ ■ 

Mr* 

Then wili—^ =: .0011336 oz. the moving 

, power ; the refiftance is, the moving power 
' itfelf, (=: .0011336) the . arms reduced to 
the end, (=: .3666) and the balls, (= 8), 

the fum is 8.3677996 oz., the whole refiftance. 
If the moving power is divided by this, we 

^ have g'^y^^ ^ .0001356, the accelerating 

'force compared with gravity, which multiplied 

, by 16, gives .0021469 feet the firft fccond. 
'And As i''* : .0021469 :: 100* : 21.469 feet, 
^ the^fpaqd through which the^body would defccnd 

Ra in 
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in loo feconds.: By which proccls the followii|; 
experiments xtzy be compared with each othev^ 
and with the theory. 

For, let w = the weight of the flv. 

t zz the time of delccnt, in feconds.' * 
F = feet paflcd over by m in the time K 
d =r 16 feet. 

n = the fpace pafTcd over by the fly,'iri 
the time /• 



Then will » = X ds\ Thco. 1. - 



Mr* 



» = — rr — s X Theo. a. 

w*. + Mr* ' 
Mi^r*/* 



orur 



Mij^-*/* Mr* 

"~ F/* 1*"' / 



' = ^/^* t i» S«— See Prob. xv^ 
Part II. 

In thefe theorems, the refiftance of the air it 
Slot confidered but the following experiment^ 
will be fufficient to convince us that when the 
moving body is fmaU, .and the velocity great, it 
will make a difference in the conclufion, as it 

prolongs 
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faroIongs'tlM^ time^ &c. ' And although it is of 
little importance to confidcr its cffefts on hcary 
bodies which move flowly, yet in making expe. 
riments to prov^ the truth of a theory, it bc^ 
comes neceflary to take notice of every itnpedi* 
ment. The weights fcrcwcd upon the arms 
were 2.5 inches long, 1. broad, and a litt}c thicker 
at the middle than at the ends (fee Fig*. xjCvu) ; 
thefe could be fixed To that either the end or 
the flat iidc ihould ilrike dire&ly againft the air. 

Experiment 1. The fly being fixed to meet 
with the icaft refiftance, a weight of 5.7 oa. fuT- 
pended from the cylinder a, defcends through 

9 feet in 62 feconds. 

Experiment 1. The fly being placed in a Ver- 
tical pofition, fo that the flat fide might prefs 
againft the air, 15 oz. fufpcndcd from the cy-? 
Under a, defcends through 9 feet in 62 feconds:; 
but when the falling weight has acquired a ve- 
locity of 2 inches per fecond, it ceafes to be ac- 
eelera!^».or moves with an uniform niiOtioa* 

Experiment 3. The fly being placed or fixed 
to meet with the leaft refiftance, 7.3 oz. at the 

'cylinder a defcends through 5 feet in 40 fe- 
conds, at the cylinder M through 5 feet in 
feconds. 

EzperimeM 



( 

t 
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Experiment 4. The flat fide being fet to move 
agamft the air, 7.3 oz.a fufpended -from- iB falls 

through 5 feet in 23.5 feconds^ but fufpendcd 

from A^'in 55 feconds* 
• 

Obfervaiiars, — !• When the velocity is the 
fatpe, the rehitance, fo far as it arifes from the 
fridion and inertia of the machine, muft be the 
fame. 2. In Kxpcriments ift and 2d, the ve- 
locities are the fame, but the weights or powers 
which produce them are 5.7 and 1 5 ; hence 
their difference 9.3 is employed ^to overcome the 
rehdance of the air* 3* In both experiments, 
when the motion is uniform, the Telocity of thp 
fly is 14 feet per fecond; and 9.3 oz« divided 
by 84, gives .11071 oz., the force exerted on 
the fly to overcome the refiftance> of the ain 
4* The difference of for&ce oppofed to the m 
in the two experiments is 4.7 inches, by which 
.divide .11071 oz« and we have •0235 oz*, the 
lefiftance againft one mch ; by computation it is 
•02123 oz. 5. The refiftancc arifing from the 
air being the fquare of the velocity, the 3d 
and 4th experiments will be found to agree with 
each other, and with theory, but will not if tljiC 
lefiftancc of . the air is neglc&ed* 

In the following experiments, the fly is fo 
fixed as , to meet with the leaft poi&ble refi^» 
ancf- 

TJUSLJl 
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EXPERIMENTS. ON CIRCULA.R MOTION, ii* 

TABLS I* 



No. 


Power 

M. 


Cylinder, 
r. 


Fall, inches. 

F. 


Time, fee. 
/. 


Turns of the 


5 


7-3 


A 


90 




151 


6 


7-3 


B 


90 


26 


76 


7 


7 3 


B 


23t 


»3 


•9 


8 


7-3 


▲ 


22^ 


26 


38 


9 


14 6 


A 


90 


3^1 




lO 


14 6 


A 


45 


26 


76 


11 


29 2 


A 


90 


26 


«5» 



The reiiftance of the machine is' found by 

Theo. 3. If the fly is ufed, its weight muft be 
fubtraAed from and a weight is left which is . 
equal to the ^hole reiiftance reduced to the place 

of w. But in thcfe experiments, the weight 
and magnitude of the fl^ remain the fame. 

I. It appears (No. 5 and 6), that by increaf- 
ing the diilance at which the power is appUed, 
we diminifli the time of defcent, but the power 
in falling through a given fpace, produced effefte 

which are as the times of defcent. 

r " • 

i s« When different powers are applied to the 

fame cylinder, as in the 5th, gth^ and nth ex- 
j^erinents, they produce e&ds which are di- 
tfefUy as the fquarcx roots of thefe powers, and 

inverfely as the times. For, As \/ 7.3 : \/ 14.6 

36i : 5a', nearly; and As \/7.3 : 29.^ :: 
16 1 52. The effeAs are the fame, and the 
times are inverfely as the fquare roots of the 

powers^ 
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powers, or the powers arc inverfely as the fqparcf 
of the tiines9 or dircdly as the fquares of the 
velocities* 

3. From the .5th and loth it appears, that if 
a given weight in falling through a given fpace 
produces a certain efiefi, double that weight -in 
falling through half the fpace produces half the 
cffcft. 

4. In the I ith experiment the velocity is twice 
as great as in the 5th, but, 4 times the power it 

empyloyed to produce it : that is, the power is as 
the fquare of the velocity. 

5. When equal e£Feds are produced tn^tbe 

fame time, the powers will be inverfely as the 
diftanccs at which they are applied, but the fpacef 
defcended through will be diredly as die laid 
dtftances. See experiments 6th and xoth. 



TABLE II. 



6 
Z 


Power, in ounces* 


1 t_ 
1 *t 

U 


Weight of the fly, 
in ounces. 


Radius of the fly»! 
iu inches. 


u 

'. c 

=3 

1 e4 

h 


■ 4'^ i 

5 S *» 
*^ S>S 

.S 3 


Turns of the fly. 


Space parted over 
by the fly. 


Wtis?ht of xhe fly, 
multiplied by the 
fpace. 


Relative velocity 
of the fly. 


•a* 
2^ 


12 


4 


B 


4 


8 


6 26 .0952 


61 


254 


IOI6 


Z 


2 . 




4 


B 


x6 


4 


6.26 .1904 


61 


127 


2032 1 


I 


4 




4 


B 


8 5.65 


6 


26 .1346 


61 


179.8 


1438 7 


f.414 


2.8 


'5 


16 


A 


4 


8 


6 


26 .1904 


122 




2032 


4 


8 


16 


4 


A 


4 


4- 


6 


26 .0952 


122 




1016 


2 


4 


:? 


] 


B 


4 


4- 


6 26 0476 


61 


r27 


508 


I 


I 




2 


A 


, 4.4 . 


3J26' .0476 


. 61 


127 


254 


I* 


I 
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EXPERIMENTS ON WATER-WHEELS. ^29 

* In making thefe experiments, when the cy- 
linder .b was ufed, there was an addition of u 

dwrs., and when a was ufed ot 44 dwts., to the 
^ower J .which weights alone would turn the 
machine, and defcend through 6 feet in 26 fe- 
conds : fo that the power in the table was wholly 
exerted in turning the fly. 

The numbers under Force -uSling on the jty,^ 
are pbtained by multiplying the radius of the 
cylinder ufed by the power, and dividing by the 
radius of the fly multiplied 16. 5. For example^ 
No. 12, the radius of b is 2 inches, which nuil- 
tiplied by the power, 4 oz., gives 8, which di- 
j[i4c4,by.44 X 8), the radius of the fly, 

ti^e (yiQtient is •0952, and fo fot the reft. 

f 

The produ&s of the weight of the fly into the 
fpace it . has defcribcd, are always as the force 

nfting on the fly : that is, when the power cm- 
ployed is, by the above procefs, reduced to the 
ly,<4be,efie£U are as thefe {Sowers, whether the 

ly be heavy or light, or whether the circle it 
lefcribes be large or fmall. ' . ; 

T^he Jjaffed over by the fly is obtained 

H* nniltijplying the circumference of the circle in 
hicJ) JcJmov^s, by the number of turns. 

The relative velocity, is the fpace reduced to 
letsiiUmber;^, by diviiion. 
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The centrifugal forces are coinputeil by the 
theorems in the firft part; but here the num- 
' bers are rot any real meafure, but comparative ; 

for as the velocity is conflantly increafing, fo is the 
central force. At the end of the time, the true 
centrifugal force, in experiment 1 2th, is nearly 

17 times the Vv'ciiilu of the revolving body, or 
60 oz. ; and the true lorce, in ounces, at the 
end of the other experinients, will be had by 
ta'ultiplj'ing that in the table by 34. 

When the cylinder b is ufcd, the angular ve- 
locity is always the fame ; as it is alfo when a is 
ufed (except No. 18), but is twice as great as 
when B is ufcd, or the revolutions are performed 

in half the time. 

When the power, and diftance at which it is 
applied, incrcale wich the radius of the fly, the 
angular velocity will remain the fame. No. i2y 
and 18 ; for 3 feet of cord uncoiled from a, will 
produce as many retolutions as 6 feet from B* 

The velocities are as the fquare roots of the 
.powers which produce them, or tlie powers are 
as the fquares of the velocities^ No. la and 17* 

. »' . . . - 

• * 

When any number of revolving bodies, eack 
,'ihultipUed by the fquare of its diftance from t\\p 
center, have their produds equal, by a given 

power, 
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power, equal angular velocities, will be produced^ 
No. 12, 13, 14, 17. 

■ 

If a given power communicates a certain ve- 
locity to one quantity of matter, twic«r, tbilce, . 
&c. that power will communicate the fame vc« 

locity to twice, tlirice, ^c. tliat quaiuity of mat- 
ter. No. 13 and ij. 

If the weight of a revolving body, and time 
of a revolution, remain the fame, tiie power will 
be as the fquare of the difiance. Mo. 12 and 17* 

The centrifugal forces are as the impelling 
powers, when theie powers are applied in the 
lame manner. No. 13 and 17 ; for the radius of 
the circle being the fame, the forces aire as the 
fquares of the velocities, or as the powers which 
produce them. See Prob. xiii, xiv, &c.. Pari 

Experiments on Watet'^beels. 

FIG. XXVII. ' • 

▲ BCD is a water-wheel with buckets, the 

circumference is 5.6 feet, or the diameter of 
the circle paffing through the center .of the 
buckets is ao inches. By turning a ierew, this 
wheel may be taken off the axle, and one of 
a different fise put in its place. The cog-wheels 
' » S a • ' may 
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may alfo be changed at plcalure ; as alfo ihc 
wheels or trundles on the fecond axle, which 
are turned by the cog-wheels. On the fecond* 
axle, is another cotr-whecl, with 84 teeth ; this 
turns an upright ipindlc, with 8 teeth or leaves ; 
OH' the t<^p of this fpindlc is fixed a fly, the 
weif.Hu n:sd radiuji oi vvnich uia^ be varied at 
pieaiure. 

FIO. XXVIII. 

The plate ff is divided into 60 parts, and 
the index 1 makes one revolution while the 
water-wheel mrikes 60. The index l is fixed 
on the axle oi the water-wheel, and therefore 
makes the fame number of revolutions : the 
plate GO, over which it moves, is divided into 
10 parts. There is alfo another index, not vi- 
fible in the figure, which makes one revolution 
while the water.wheel makes 600. — By thefe, 
and a time-piece, to mcafure the minutes and^ 
fecor.r's, Sec, tlie number of revolutions, made 
by the water-wheel, in any given time, may 
eafily be known. 

The water is conveyed from the cock n into 
the trough h, or into the veffel f ge, which has 
three apertures or fluices at 1, 2, 3 ; thefe aper- 
tures are fo adjufted by trial, that when the 

veifcl is filied to fGjj if any one is opened, it 

will 
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will difcharge the water exadly as fail as it is 
fupplied by the cock; fo that the water a£te 
upon the wheel both by weight and impulfe* 
The ciftern which fupplics the cock is always 
kept equally full ; that is, the water is returned 
by a pump) and the pcrfon who works it takes 
care to keep the furface always at the fame inai k« 



ON THS APPLICATION OF WATfiS.. 

N 

On this fubjed there have been various opi* 

nions ; but opinions unfupported by theory or 
experiment, claim little regard. At whatever 
altitude the water might be applied to the wheel, 
it has been the pradice with many to diminilh 
that altitude, in order to obtain a head, as it has 
been fuppofed that the impulfe produced by that 
head would have a greater effedfc than the water 
by its gravity could produce, if thrown into the 
buckets immediately from the furface. And no 
doubt but it is owing to opinions of this kind, 
that the water, which might be applied at the 
top, is often caufed to ihike, or fall upon the 
wheels about 45 degrees from the vertex^^The 
following experiments, which have been often 
repeated, both in public and private, and with 
the greateit accuracy and attention, give no en- 
, couragement to diminifli the head for the fake 
of obtaiping more advantage by the impulfe. 

Whether 
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^ Whether tlie t-iYcCt is mcafurcd bv t!iC vtlo- 
city, its fquare, or its cube, every thing ren^aiiu 
ing the fame, it will be granted, that wlien thfs 
wheel moves quickefl, the water is apphed to 
the greateil advantage. 

Experiment i. The orifice. No. i, is opened, 
the water ftrikes the wheel near the bbttom, and 

afts by iinpuHe and gravity ; the licud is equal 

to the diameter of the wheel. The velocity of 

the ftream is 6*5 feet per fecond; the water- 

whccl makes 60 revolutions in 7 minutes and 21 

feconds, or is turned 8.2 times in onc.uunute. ' 

» ' , 

\ 

* Experiment 2. The Huice No. 2. is opened: 
the water (Irikes the wheel near the center, ana 
caufes it to revolve 60 times in 3 minuties and 
57 feconds, or 15.19 times in a minute. 

Experiment 3. The orifice No. 2. is (hut and 
No. 3. opened, the >vater falls upon the wheels 
with impulfe^ at 45 degrees from the vertex. 
The wheel revolvea 60 times in 3 minutes and 
28.5 feconds, or 17.26 in a minute* 

Experiment 4. The water is conveyed into 
the trough h, from which it falls upon the ver- 
tex of the wheel ; 60 revolutions are made in 
3 minutes and 1 i feconds, or 18.4$ in a minute. 

lA 



1 
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' In thefe experiments) the fly makes %i rcvo* 
lutions for i of the water-wheel, its weight was 
4 oz. and diameter 13 inches. The comparative 
velocities of the water-wheel or fly, will be as 
the number of turns made in a given time, or 
as 0.2, i5*i9) 17.265 and 18.46. 

In the following table we have the whole in 
one view. 



TABLE III. 



a 

c 

c 

w 

6 
*c 

c 

X 

w 


Sluice. 


Turns of th;; wa- 
ter-wheel per 
minute. 


Relative velocity. 


* 

6 

H 


True velocity ofj 
the fly, in feer, 
per ftcond. 


0 T t5 

>sM 0 
0 • 

~ i; 5 
'H-S.S 


. I 

2 

3 
4 


No. f 

3 

ovcrlhot 


8.3 

15.19 
17.26 

18.46 


I I172.2 
1.85 3 19 
2.1 I362.5 

2.25387.6 


11.96 
22. 15 
25.17 
26.91 


.765 
1.417 
1.61 

'•7»3 


5 

6 

• 7 
_8 

9 
10 

1 1 

1 2 


No. I 
s 

3 

o^erihot 


4 

7.69 
8.88 
9.52 


I 

1.92 
2.22 
2.38 


168 

3^3 

373-3 
400 


1 1.66 

*«-43 
25.92 

27.77 


•373 1 ^^^'^ ^'^^ expcri- 
•717 1 ^''^ rt volverf 
*^ ' >42 times for the wateri 
'°19 IwheeloDcejitsradiud 
•888 J 8 inchet. 


No. I 

3 

ovcrftiot 


3-05 
6.38 

7.28 
I 7.72 


1 

2.09 
2.38 

2-53 


1 28. 1 
268 

305-7 
324.2 


8.89I 
f8.6i 
21.23 

22.51 

2E.87 

25-55 
28.01 


284 In thefe, die radios ol 
-595 fly is S incties, 

^720 J ^ztoi. 


13 

lA 

j6 


No. 1 

3 

overibot 


2.14 

5 

5.84 
6.4 


I 

2.33 
2.72 

3 


134.8 

3«5 
368 

403-4 


.199') 

.4.66 1 radius as above ; 
'545 1 lutioiis 63 fD I. 

•597 J J 



In the above four fets of experiments, which 
are confiderably varied, a given quantify of 

water 
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^atcr produces the greatcft number of revola- 
tions when applied at the top of the wheel. 
Tlie ratio of the revolutions when the water is 
&;>{>! icd at the top, is to the revolutions when 
applied at the quarter, nearly as 32 to 30, or as 
16 to 15. For, in the firft fet. As 2.25 : 2.1 :: 
16 : 14»9* In the fecond fet. As 2.38 : 2.22 :: 
16 : 14-9* In the third fet. As 2.53 : 2.38 :: 
16 : I5-05. In the fourth fet. As 3 : 2.72 :: 
16 : 

From thefe experiments it appears,' that for 
every 1 5 revolutions when the water is applied 
at the quarter, there will be 16 when the water 
is applied at the top of the wheel. 

Experiments on a wheel 10 inches diameter, — 
The water applied at the top produces 60 turns 
in 4 minutes and 25 feconds, but when applied 
to the quarter, 60 turns in 4 minutes and 52 
feconds ^ the turns per minute in the iirit caijp 
are 13*589 in the fecond 12.32; and As 13*58 : 
12.32 :: 16 : 14.51, the number of revolutions, 
when the water is applied at the quarter, for 16 
when it is applied at the top, or a given quantity 

-of water in the overAot produces 16 turns of 
the water-wheel in the fame time as it produces 

. I4i when applied at the quarter. 

Three quarts of water in a minute, laid on at 
the. top of the wheel, turns it 60 times in 6 mi- 
nutes 



uiyuizeci by 



, EXPERIMENTS ON WATER- WHEEI^S. 157 

outes and 45 icconds) four quarts fet on at tb^ 
quarter produces the fame number of revolutions 
in the fame time. And if the weight of the fly 
or the ratio of its . revolutions to thofe of the 
water-wheel be varied, yet the ratia of the quan- 
tities of water to produce the fame: effects in the 
fainc time remains the ianic* 



* Experiments on the Velocity of^ Wheels* 

In thefe experiments, the efFcft is meafured 
or eftin^aced by the number of the revolutions 
whith a fl;, iiuikcs in a given time : and althoi^gh 
this is not the true meafure of the power of the 
water, (part of it is exerted in turning the 
wheels), yet it is as much fo as the revolutions 
of a mill- (tone are the meafure of the effed pro- 
duced by the water ; and that velocity which a 
wheel has when a mill-ftone makes the greateft 
number of revolutions in a given time, will cer- 
tainly be confidered as the belt. It may be ob- 
ferved, that thefe experiments are confined to 
wheels on which the water afts by gravity only, 
and that the buckets arc fuppofed to be large 
enough to retain the water till it comes near the 
bottom of the wheel : for if the buckets lofe part 
of the water as they defcend, the wheel, in its pre- 
fent conllruftion, is not doing the moft work. — In 
the following experiments, the quantity of water 
was always the fame ; the water-wheel made 60 

T revolutions. 
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revolutions, and fometimes more ; the time was 
obferved; from which the number made in one 

minute was computed. 

In order t6 vary the velocity of the water- 
wheel, it becomes nccelTary that the ratio of its 
revolutions, to thofe of the ily, (hould alfo vary^ 
which is eSe£led by changing fome of the wheels. 

Experiment i. The water is applied at thp 
top in this and all the following experiments 
uiKier this head. Tlie wheel makes 15.36 r^- 
I volutions in a minute, the fly 21 for i; and 
1 5. 36 X 21 =r 322.56, the number of revolutions 
. which the ily makes in a muiute. " •? 

u Experiment 2. The water-wheel turns 12.08 
times in a minute, and the fly 28 for i ; hence 
the fly revolves 338.24 times per minute. 

Estperiment 3. The fly turns 44.6 times for 
the water-wheel once, which is turned 7.67 times 
in a minute*, of confequcncc, the fly rcvojves 
342.08 times per minute. 

Experiment 4. The fly makes 59.5 turns for 
the water-wheel i, and the water-wheel turns 

6.02 times in a minute; the fly, therefore, turns 
358.19 times per minute. 

But 
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But perhaps thefe four experiments, v>ikh 
Qthera made witk a diflferent fly, may appear to 
more advantage as clalTcd in the following tabic. 



TABLE IV. 



c 
c 

C 



1. 



I 

2 

3 
4 



as 

c« 9 

H 



*• •'3 

'« 3 

o • 

> 



o »- 



^ g ^ 



9 



u 
o 
O. 

>> 

£ 

o c 

M 

e 

9 



I cr-S 

O « . 



e6 



3 

u or 

5' 



« s i r o 



2. I 3. I 4- I 5- I 6. I 7- 



o CO I ^ U 



8. ( 9. 



10. 



12.0S 
7.67 
6 02 



?! 

.0 
12 



36 

28. 125 
18.18 
15.58 
12.57 
952 
7.67 

6*4 



1 •433 21 
1. 127 28 

.71644.6 

'56» 59-5 

336 

2 62 

1.69 
1.45 
1. 1 1 

.88 

•71 



3225 
338.3 
342 
35^ 



''^•75 3»5 
21 

3ii 



,42 
>59 163 



581.81.988 

395,6 2. 8r)3 
400 3-8 1 2 
402.94.732 

4Q3'45'7 



4 136 
1.282 3,11, 24 

2 45j »5 

2.291 

2.14 :o 

2 



1. 166!2.24 
1.47 I 4 

1 . 606 I 666 
1.9261 .9J3 



1.90 
1.82! 



7.4 2.4 
2.8 
3-368 



6 



•7 

.56. 
.466 



The fecond column fhews the turns of the 
water-wheel per minute, as found by experiment. 



The third is found fVom the fecond: for ex- 
ample, in the firll experiment, 15.36 multiplied 
by 5.6 feet, the circumference of the \vhee], 
gives 86.616, the feet paifed over in a minute, 

which divided by 60, gives the feet per fecond, 

Ta The 
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The fourth column is kqown from the wheels 
made ufe of. 

The fifth is the produ£t of the fecond multi- 
plied by the fourth. 

The fixth flie\vs the ratio of the quantity of 
water hanging upon the wheel at once, which it 

always inverfcly as tlic velocity of the wheel : for 
inftance, the wheel moving with a certain degree 
of velocity, every bucket receives a given quan- 
tity, h«t if the wheel moves twice as feft, a buc- 
ket cm rcc< ivc but halt the qiiaiuity ; or if the 
wheel has half the hrii: fuppofed velocity, a buc* 
ket will receive a double quantity. Otherwife, 
fuppofe the \vhecl moves 6 ttct in a fecond, and 
that a bucket receives lo gallons; then, if it 
moves but 3 feet per fecond, a bucket will re- 
ceive 20 gallons, or if 2 feet per fecond, 30 
gallons, &c. In the fifth experiment, the wheel 
turns 36 times in a minute ; in the ninth, but 
12.57 times: hence, inverfely, As 36 : i portion 
of water :: 12.57 : 2.863 ^i^^^s the quantity. 

r 

By incrcanng the velocity of the fly, compared 
with that of the water wheel, we have, in the 
lafl: experiment, near 6 times as much water 
upon tlie v.l-.ccl at or.ec, from a given ftrcam, as 
tliere is in the fifth experiment, in which the fly 
is turned 3 15^ times in a minute ^ but in the 
lail, 403 times. 

. In ' 
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In the fcventh column wc have the quantity 
of water as found by experiments to produce 

315 revolutions of the fly in one minute ; and it 
appears, that by increafing the velocity of the 
fly compared with that of the water-wheel, that 
a lefi) quantity of water is fuflicient to produce 
the fame euccl, or the fame number of revolu- 
tions of the fly: for in the lad experiment the 
quantity of water is not half of that ufed in the 
fifth, though the tSc&s are the fame* 

The eighth column contains the number of 
revolutions which the water*wheel makes in a 
minute, under the 'di£Ferent changes of wheels 

in the communication of motion to the fly, when 
the fly itfelf makes the fame number of revolu- 
tions per minute. 

» 

The ninth column exhibits the comparative, 
quantity of water hanging on the wheel at Once^^ 
when the fly moves equally fall. 

The tenth is the velocity of the water-wheel, 
in feet, when the fly has the fame velocity in all 
the experimoits. 

The five following experiments were made 
with a wheel of 1 1 inches diameter* 



TABLE 
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TABLE T. 



Experiments. 


Turns of ilit 
water -w'lccI 
per minute. 


Velocity of the 
waier-wlitcl, 
per fccond) 
in feet. 


« 0 ^ 

«M U 1 

0 ? ^ 

° 5 
H 


0 ^: 

M 


13 




.677 


2 I 


296 


H 


9.6 


•464 




30^ 4 


1% 


7-3» 




4« 


307 


16 


5 9 


.285 


5^^ 9 75 


17 


4 94 




63 





The fpecd of the water-wheel being dirainifli- 
cd, the revolutions made by the fly in a given 
time arc incrcafed in number, both with the 
large and finall wheel. It is true they are not 
increafed in the fame ratio when the velocity is 
much diminiihed, as in the elevcnth'and twelfth 
in Table firft, and again, in the fixtecnth and fc- 
venteenth in Table fecond, but this is owing to 
the buckets being overloaded, fo that they loft 
a part of their water too foon, and or conle- 
quence the effedl: in the two lafl: experiments is 
not much increafed. But if the buckets retain 
their water till they come near the bottom^ it 
appears, that the flower the water-wiiecl moves, 
the greater its effeA will be, provided the motion 
continues to be equable. See Prob. xxxviu. 
Part 

This may alfo be proved by raifing weight by 
a cord coiled round the axle of the wacer-wheeL 

The 
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The following table contains feven czperi- 
ments, in which the velocity of the water-wheel 

is gradually climiniflied from the firft to the laft j 
but die cffccl in the lail is the grcated. 



TABLL VI. 



nients. 


Weight. 


Time of rifiiig 
thro* 6 feet. 


Vtiociiy, or feet 
per feoond. 


Eftetl 
produced* 


I 




57-5 




5.21 


2 


f 


62.4 


.0961 


9.61 


i 3 


li 


69.5 


.0863 


12.94 


4 


2 


75-5 


.0795 


15.90 


5 


3 


93 


.0645 


>9-35 


6 


4 


117 


.0513 


. 3C.48 


7 


f 1 


142 


.0422 


21.10 



Toi'find the velocity per fecond. As 57.5'' : 
6 feet :: i" : .1043 ^^^^ 5 62.4''' : 6 feet • 

i" : .0961 feet, and fo for the others. The 
cffed is obtained by multiplying the velocity / 
thus found by the weight raifcd, as in the firft 
experiment, t lb. multiplied by .1043, gives 
•052I9 the eSed^ and in the fecond, 1 lb. mul- 
tiplied by .0961 = .0961, and in the lame man- 
ner the eSeSt in all the other experiments is 
obtained. In the table, the effc6l thus found is ! 
multiplied by 1009 or the decimal point is re* 
moved two figures, but the ratio is the fame* 1 

If it was required to find the weight raifed in a | 
given time, fuppofe i hour, it would be, Js the 

time of rifing through 6 feet is to the weight raifed^ 

fo 



ft 

Digitized by Google 



t 



144 PART FOURTH. 

Jo is 1 hour to the number of times ivhich the /aid 
weight would, be raijed through the given /pace* 

. For example. As sT'S ^ • i^^* 3600' (i 
hour) : 31*304, pounds per hour* In the third 
expCTiment, A« 69.5" : 1.51b. :: 3660'' : 77.7, 
pounds per hour. In the fixth experiment. 
As 117" : 4lb. :: 3600 ' : 123 08, pounds per 
hour. In the feventh experiment. As 142^' : 
51b. :: 3600" : 126.7, pounds per hour. 

Which expetiments fo far, in conjunftion 

with thofe made with the fly, prove that by di- 
niiniihing the velocity of the water-wheel, we 
increafe the power. 

•0« the Velocity communicated to a Wheels by dif- 
ferent quantities of Water. 

Scie page 17,— where it aq>pears that if a g'lvett 

ftream produces a certain velocity in the wheel, 
a (treaoi -eight times as large will be requiied to . 
comaianicate double that velocity^ or to turn the 
wheel twice round in the £ime time. And for 
any other quantity of water which may be ap- 
plied, it will be. As the cube root of the pte/ent 
fuantity is to §ne degree of velocity^ fo is the cube 
root of the other quantity to the velocity it will 
produce. , ' 

m 

The 
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The truth of the propofition will appear by 
the following experiments* • 

ft 

XXX. 

Pieces of brafs were fcrewed upon the end of 
the cock, and perforated j by trial, till the aper- 
ture was large enough to deliver the cxadt quan- 
tity required : for in(lan€e» a pint, a quart, two 
quarts, &c. per minute, and which quantity was 
always applied in the fame manner. 

Experiment i* One pint of water per minute 

turns the watcr-wbcel 60 times in 13 niinutes 
aiid 33 fcconds. 

• • 

Experiment 2. Two pints per mhiute turns 
it 60 times in 1.0 minutes and 42 fcconds. . 

Experiment 3. Four pints per minute pro- 
duces 60 turns in 8 minutes and 27 fcconds. 

Experiment 4. Six pints per minute {)roducCs 

60 turns in 7 minutes and 18 feconds. 

Experiment 5. Eight pints per minute pro* 
duces 60 turns in 6 minutes and 1 8 fcconds. 

« 

In the following table we have, in the firft 

column, the quantity of water applied ; in the 
iccond, the cube root of that quantity ^ in the 

V third. 
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third, the comparative velocities as found by tht " 
experiments ; in the fourth, the numtTer of turn» 
the water-wheel made in a minute. 

TABLE VII. 
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• 

c 
c 
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I 


442 


1 


» 


1.2509 


1.267 


56 


3 


J. 


1.5874 


i.6c6 


?■ I 


4 


6 


I 8171 


1.859 


8.2 f 9 


5 


8 


% 


2 15 


9.52 



The number of turns per n.inutc is obtained 
by direft proportion; for, in Experiment i» As 
13' 33" : 60 revolu'ions :; 60" : 4.42 revolu- 
tions, and fo for the rell. 

m 

The velocity is dirc6lly as tlic number of turns 
made in a given time ; and ii in the firfi cxperi- 
Yncnt it is reprefented by i, in the fecond it will 
be 1.167; for As 4.42 : I :: j.6 .: 1.267, and 
As 4.42 ; 1 ;; 7.1 :*i.6o6, 6cc. 

It! the fifth experiment, tlie quantity per mi- 
nute is eight times as much as in the firil ; but 
it may be obferved, that the load or weight 
iipon the. wheel is only four times as much as in 
the fird^ for as the wheel moves twice as faft» 

a bucket 
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ft bucket can only .receive half as much water as 

it woul.i do with the veiocuy ic Lud in rhe firA 
experiment. 



ON THE SIZE OF WHEEI.S. 

I 

The fall beinp^ given, or the greatcft altitude 

at wiiich a c;ivt;n llreain can be applied to a 
wheel, it becomes neceUary, both on account of 
cxpence and utility, to enquire what the diame* 
ter Oi the wheel ouj^ht to be. — This may be dc« 
tcrniined either by theory or experiment. 

I. Let us fiippofe two wheels equally heavy^. 
the diameter of one 10, and the other 20 leet^ 
and that the weight is chiefly in the circumfe* 

rcnce, or as mucli fo in one as in the oths.r* < 

• 

. ft. Let the fame power be applied to the cir» 
cunifcrcnce of each wheel, and each circum- , 
fcrence will have the fame velocity ; hence, 
the time of a revolution will be as the dia- 
meters dirrcliy, or in the prclent c^ife as i to 2, 
or the io feet wheel will be turned twice for the 
2o feet once, as already demonftrated in Prob. 
XIV, Part II, and proved by experimtnt in No. 
12 and 16 in Table 11, page 128. In both ex- 
periments the power is 40Z., and the weight of 
the fly br wheel is the fame ; but in No. 1 2 the 

V 2 . * • radiu*^ 



148 PART FOURTH. 

radius is 8 inches, and the power is applied at. 
the diilance of % inches; in No* 16 its radius is 
4 inches, and the power is applied at 1 inch: 
hence the ratio of the clicds prouuced is ex- 
adly the iamc as if it iiad been applied to the 
circumference of the two wheels ; and as their 
•weights are equal, and they move equally faft, 
the cdccU are ahb cquiil : but their revolutioiis 
are not performed in the fame time; for, in 26 
fecondsy one revolves 61 times^ and the other 
122, or the revolutions are performed in times 
' which are as 1 to 2, as above. 

3. The power being employed to turn a fingle 
wheel, the velocity of it« circumference will vary 
with the weight of the wheel, and of confcqucnce 
the time in which it revolves : for if one of the 
above wheels is made twice as heavy, it will be 
twice as long in making one revolution as it 
was before. 

4. If the power is a ftrci)m of water, this will 
vary with the velocity of the wheel. Suppofc a 
given dream to turn the wheel with two degrees 
of velocity, then if thfe velocity of the tvheel is 
but one, there will be twice as nuich water upon 
it, or in- the buckets, as when it had two degrees 
of velocity : hence, if a wheel of a given weight 
'has a velocity ot 4 feet per fccond, one 4 times 
as heavy would be caufcd to move 2 feet per 

fecond 
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fecond by the Ikme ilrcaia (fee page 112, and 
1 24), not confidering the water as part of the 
mafs to be moved. 

5. Let us fuppofe a dream of water applied 
at the top of a wheel 10 feet in diameter, and 
thai it turns the wliccl in 6 fccujids ; let the 
fame ilreaiu be apphed at the center of another 
wheel 20 feet in diameter; then it is evident^ 
that if every bucket receives as much water as 
befoie, that the large wheel will be tw ice as long 
in niaking one revolution as the faiall wheel, 
and therefore by the fame cog wheel, &c. cannot 
do the fame w(;rk ^ and if we incieafc the cog- 
wheel in the fame ratio as the water-wheel, we 
obtain no power by making the wheel larger. 

The truth of the above u coniirmcd by the 
following experiments* 

m 

Experiment r. A given ftream is apphcd cx- 
a&ly at the center of a wheel 20 inches in di- 
ameter ; it makes 60 revolutions in 4 minutes 
and 21 feconds. 

* 

• 

Experiment 2. The large wheel is removed, 

(the cog-wheel, fly, &c. remain the fame) and 
one of 10 iachei> in diameter is fixed in its places 
the fame quantity of water is applied at the top; 
and it makes $0 revolutions in 4 minutes and 
13 fcconds» . 

Experiment 
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Experiment 3. The water is applied at the 
Center 'of the great wheel, and in addition to 
the fly, one pound is fufpended from the axle, 
which is raifcd through 5 fctt in 59*: fccor-ds. 
The large wheel being removed, and the finail 
€Mic fixed in its place, every thing elfe remaining 
the fame, the lame weight is railed through the 
fame fpace in 55 feconds. 

In the laft experiment, if the great wheel pro- 
duces the fame tScQ, as the fmall wheel in the 
fame time, the circumference mufl move twice as 
fall, by which the power would be diminiihcd. 
See page 137, &c. 

« 

• Experiment 4. A cylinder is fixed upon the 
axle, which has the fame ratio to the diameter 

of the large wheel as the axle iticlf l;as to tlut 
of the Imall one, or the axle is 3 ijiciics diame- 
ter, and the cylinder 6 inches ; the water is ap- 
plied at the center of the great wheel, and the 
weight is railed in 56 feconds. 

In the above experiments, except the third, 
there ought .to be no diilerence in the efi'cds 
produced by the two wheels, but what arifes 
from the difference of the weight of the laid 
wheels and their velocities ; hence the greater 
eScGts produced by the fmall wheel is owing to 
it« requiring a lefs force to turn it, independent 

of 
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of the refl of the machinery, than what is ne* 
ceiTary to turn the large wheel, or to caufe it to 
revolve in the fame time (fee Prob. xiv, Part ii). 
Vor it the wheels were of the fame weight, and 
the fame power anplied to the circumference of 
each, the fmall wheel would make two revolu* 
lions for the large wheel one. 

ON THE FAJLL OF WATEIU 

By the falU is underftood, the perpendicular 
altitude, meafured from the bottom of the wheel . 

to the fiirface of the dam, which, when tht 
water iiTats upon the wheel at feme dlflance 
below the furface, is frequently difiinguiihcd by 
bead 2xAfulL 

The efTct^ produced by a given dream in 
falling through a given fpace, if compaied with 
a weighty will be direAly as that fpace ; but if 
we meafure it by the velocity communicated to 
the wheel, ic will be as the fquare root of, the 
fpace defcended through^ agreeable to the lawt 
of falling bodies^ 

Experiment t.^ A gtyen ftream is applied to 

a wheel, at the center \ the revolutions per n^i« 
nute are 

* , Espetiment 
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Experiment 2. The fame dream applied at 
the top, turns the fame wheel 57 ttipes in a 
minute* 

If in the firft experiment the fall is called 
in the fecond it will be a. Then, As \/T\ \/t 

•'• 3^*5 • 54'4'» v.'hich arc in the fame ratio as 
the fquarc roots of the Ipaccs fallen through, 
and near the obferved velocity. ^ 

In the following experiments a fly is conneded 
"with the water-wheeL 

Experiment 3. The water is applied at the 
center, the wheel revolves 13*03 times in one- 
minute* 

Experiment 4. Ihc water is applied at the 
vertex of the whecl^ and it revolves iS.i times 
per minute. 

.And As 13^03 : 18.2 :: \/27 nearly. 

From the above we infer, that the circumfe- 
rences of wheels of different fizes may movc with 
velocities which are as the fquare roots of their di- 
ametcrs without difadvantage, compared one with 
another, the water in all being applied at the top 
of the wheel. For the velocity of falling water at 
the bottom or end of the fall is as the time, or as 
the fquarc root of the fpacc fallen through : for ex- 

ample. 
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ample. Ice the fall be 4 feet ; then, AS v^i6 : 1'' 

z: \/ 4. : i", the time of falling through 4 feet. 

Again, let the fall be 9 feet; then. As \/i6: 

1":: \/^g : i", and fo for any other fpace, as. 
in the following table, where it appears that wa«> 
ter will fall through 1 foot in a quarter of a 
fccond, thiou[;h 4 tcet In l^alf a fccoiui, through 
9 feet in three quarters of a iecond, and through 
16 feet ill one fecond. And if a wheel 4 
feet in diameter moved as faft as the water, it 
could not revolve in lefs than 1.5 fcconds, nci- 
*ther could a wheel, of 16 feet diameter revolve 
in lefs than 3 feconds ; but though it Is impof- 
fible for a wheel to move as fall: as the flrcam 
which turns it, yet, if their velocities bear the 
fame ratio to the time of the fall through their 
diameters, the wheel 16 feet in diameter may 
^ovc. twice as fait as that of 4 feet. 



TABLE VIII. 



Hdght of the 
fiiUiinfecc. 


Time offaUingi 
in feconds. 


Helglit of the 
fall, in fectw 


Time of falling, 
in (tcnnds. 


I 


.25 




•935 


2 


•352 


16 


I 


3. 


•432 


20 


1.117 


4 


•5 


H 


t.22 


• 5 


'557 




1.25 


6 . 


.61 2 


30 


1-37 


7 


.666 


36 




8 


.706 


40 


1.58 


0 


•7? 


45 


1.67 


10 


•79 




1.76 


12 


.^4. 
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AVhen different dreams of water prrducr 

equal c fleets, t::c quaiititits inufl be iiAVcrlely 
as the fall. For ii»fl.;;ucc, if 6 cubic tcct in 
falling through 4 feet produces a certain effect, 
cubic feet in fall'.' - throinyb 8 feet would 
proJiicc an cquiil cUcci ; or ilie quantity being 
the fame, the cUtcl will be as the fpace fallen 
ihfough. 

The refiftancc afforded by milUftoncs, and 
other kinds of machinery, cannot be computed 
fronj firft principles.' Wc can only afccrtain it 
by obfervations : as for example. 

In a corn-millj 

Suppofc 4 cubic feet per fecond, applied at 
the top of a wheel 1 z feet high, will turn th6 
mill-ftonc a given number of times per minute ; 
what is tlic reliltance of the whole, at the cir- 
cumference of the water-wheel ? 

Let the wheel revolve in 8 Seconds ^ then will 
• the buckets contain as much water at once as 
delivered in 4 feconds, or half a revolution, viz. 
16 cubic feet, or 1000 lb. But as thrs weight 
is equally difperied over one half the circum- 
ference of the wheel, the weight a£Hng at the 
extremity of the horizontal arm will be )efs ; 
for the diameter being perpendicular, the center 
of gravity of the circular arch will be .62,66, ot 
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the radius, from the axis ; therefore, fro*n the 

piiiicij/j f'i" the I'-Vi. r, .6?5o muhipli- d l y :iic 
viioie v/cl;^iic 1000 lb., yivcs 636.6, \vt:'';;ht 
at the clrcumfefCiice, or at the end of the ho- 
rizontal arm. 

JSXAMPLJ-: II. 

.Suppofc the wheel revolves in 10 fecor.ds, 
tvery thing clfc remaining the. fame. 

la this cafe, 20 cubic feet, or 12 :0 lb. 6f 
•water, is contained in the buckets, which muU 
tiplted by .6366, drives 795.7 lb. for the power 

at the end of the horizoiual arm. 

In the above examples I have fuppofed that 
the buckets contain their water till they come 
to the bottom ; and if the wheel moves from 3 
to 4 feet per fecond^ the buckets may be made 
of fuch a form as to carry the water quite to 
the bottom^ provided they are large enough, 
when at the center, to hold near twice as much 
water as is ncceffary to do the work ; and if the 
wheel moves falLcr, they will carry the water 
too far. 

« 

The effeds of impulfe and ^ravily compared* 

From the experiments contained in the Table^ 
page X 149 it appears, that the impulfive force of 

X 2 a ftream^ 
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ftream, is to the abfolute weight of the colunm 

which impels ir, as 16 to 10, or as 8 to 5, 
nearly; from which wc may cafjly compare the 
impulfe with the gravity of a given quantity. 

For example. 

Let the head be 4 feet, and the area of the 
fluice I inch ; then will the velocity be 1 0.8 feet 

per fccond : that is, the fquare root of the depth 
multipiieil by 5.4. 

The folid content of the column which impels 
the ftream is 4 ftct muhiplied by i inch = 48 
cubic inches, and its weight is 27.77 oz» The 
quantity per fecond is 10.8 feet long, and i inch 
area^ 129.6 cubic inches, or o^. 

The velocitv of the wheel is one-third the vc- 
locity of the (ircam, 3.6 feet per fecond, (fee 
page 29). And As 5 : 8 :: 27.77 oz., the whole 
weight of the column, : 44.44 oz., the impul- 
five force upon an object at reft. But, the 
quantity j^eiag I'lt^ rcniu-, the force is as the 
fquare of tlie velqcity with which it ftrikes the 
wheel, in this cafe, equal to the difference be- 
tween lo.o, the velocity of the ftream, and 3.6, 
the velocity of the wiieel, that is, 7.2 feet per 
fecond. Hence, As io.S|* : tTI]^ :: 44.44 : 
J9.6 oz«, the Itr.pelling force conftantly acting 
upon the wheel* Or if the velocity of the wheel 

Should 
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fliould have any other ratio to the Telocity of the 

ftream, luppofe 1 : 2, or that the wheel moves .half 
as fad as the ftream j then. As 10.8 * : 
44.44 oz. : .1 I.I I o«., the force afting upon the 
wheel. 

In the overJhoU 

Lcc the fame quantity of .watcr.be tht'owii 
upon the top of a bucket-wheel 4 feet diameter. 

The quantity per fecond is 75 oz. If tlte 

wheel moves as faft as before, which we will 
fuppofe for the fake of the contraft, it will re* 
volve in 3.48 feconds, and will at once be loaded 
\^ith as much water as is delivered in 1.74 fe- 
conds, viz. in the time ol: half a revolution, 
therefore 75 oz. x 1-74 ==' ^Jo-S oz., the weight 
conftantly afting on the overfliot-wheel 5 but at 
it is not all gravitating at the end of the hori-' 
zontal arm, but difperfed through a fcmicircle, 
we muft, as before obferved, multiply the whole 
weight, 130. 5 oz», by .6366, the diftance of the 
center of gravity in the fcmicircle from the cen- 
ter of the circle, and it gives 83 oz., equal to 
the effea: of all the water at the end of the ho- 
rizontal arm, which i^s more than 4 times the 
impulfe of the fame quantity. 

EXAMPLE i;i. 

Let the head;be ^ feet, and area of the lluice 
X inch. 

Then, 
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Then, the fquarc root of 9 x 5.4, gives the 
.Telocity per fecond, = 16.2 feet; and 16.2 .x 
12, gives the cubic inches per fecond, ~ 194.4, 
.which niukiplicd by .5787 oz., the weight of 1 
inch is z: Z12.5 oz. ; weight of a column 9 feet 
Jong and 1 inch fquare zr 62.3 oz. Then, As 
5:8:: 62.3 oz. : 99.68 02., the impuUc upon 

aa objed at reft. 

The wlocity of the wheel =: = 5-4 feet 

3 

per fecond, which taken from the velocity of 
the ftream, leaves 10.8, the velocity with which 
thcftream ftrikes the wheel. Then As 16.^* 

: '10.8)* :: 99.68 osi. : 44^3 oz., the whole force 
pf the ftream upon the wheel. 

* 

In an ever/hot. 
The circumference of the wheel divided by 
velocity, gives (-j^) fecond* for the 

time of a revolution, half of which multiplied by 
the weight per fecond, gives 292.5 oz. for the 
weight of water upon the wheel, when it moves * 
with the above velocity, which being multiplied 
by .6366, gives 186.2 oz., the force, exerted in 
the dircdion of a tangent to t.urn the wheel. 

M^iny have expreffed their furprife that the 
impulfe of a given ftream ihould be lefs tl;^ it;s. 

gravity L 
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gravity : here I have admitted the impulfe to be 
aimod double the gravity, but the reafon why 

its t&'ctl is ids docs not fccm very furprifing. 

OBSERVATIONS ON BUCKETS AND FLOATS. 

If the floats of a wheel are fitted to move in 
a channel of the fame curvature (provided there . 
was no lofs of water), the effe& of the water 
would be the fame as in a bucket-wheet 

DenmftratioHm 

FIG. XXIX. * 

Let CBB be part of a water-wheel; and let 
the weight of the water in the backet abd = w\ 
the fine of the angle bci/=ca=:i; cb, the ra- 

diu8« = r. Then will — be the force exerted 

' r 

at B to turn the wheel ia the dire^lion of a 
tangent. 

Next, if B^r/B rcprcfcnt a curved channel in 
which a float-wheel moves, then the water abd ^ 
will be fuppoTted by the channel db and float ad. 
The fine of the angle which the channel dh 
makes with the horizon will be equal to that of . 
the angle bc^/, and the prefiiire which the float 
fuftains will be obtained from the property of 
the inchned plane, viz. As the radius is to the 
fine rf tbe angle qJ elevation^ fi is the wboU welgbft 
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to that part Vfbicb the Jioat fupports ; or, A& r : / 
w I the fame as in the bucket-wheeL 

EXAMPLE t« 

Let a bucket containing loolb. of vrater be 
at the diftance of 30 degrees from the bottaoK^ 

to determine the force with which it ads on th^ 
\1vhcel9 in the dire&ion of a tangent i 

The natural fmc of 30"" is .5, the radius being 
1 ; therefore, = 50 lb., the whole force 

cf the water whether confined in a bucket or in 

the channel* 

EXAMPLjg II. 

Suppofe the bucket or float at the diftance of 
50 degrees from the perpendicular i •» 

The natural fine of 50'' is .766, which multi- 
plied by 100, the weight of the water^ gires 
76.6 Ibi for the force ; and fo for ally other* 

From which it appears that there is no dif- 
ference, except the lofs of water in the float- 
wheel, for, however well it may be executed, 
fome water will pafs ; nevcrthelefs, when the 
ftream is largCf a wheel with floats may be found ' 
more convenient than one with buckets. For 
example, fuppofe a. ftream tiowing over a dam 

t9 
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to be 6 feet wide, and i foot deep ; the quan- 
tity per fecond would be 21 cubjc feet (fee page 
ro8)* Snppofe 3 buckets or floats pafs the 
flream iri 1 fcrond, there will be 7 cubic feet 
for every bucket or float. In a fioat-wheel there 
ought not to be more than flx-eighths of the 
fpace filied with water ; and in a bucket-wheel 
little more than one-half, 'ike buckets, there- 
fore, ought to contain about 14 cubic feet each, 
when at the end of the horizontal arm ; and the 
fpace between the floats ought to be large e- 
nough to contain about 10 cubic feet ; in which 
cafe, if the floats are 15 inches diftant, the^ 
ought to be 16 inches deep. But for the buc-* 
ket-whecl, the fhrouds woiild be near 2 feet 
deep if large enough to contain the water* In 
trhich cafe, a float-wheel ought to be preferred : 
and if a wheel is occafionally in back-water, 
floatft are not fo much retarded as buckets. 



Experiments with wheels aSed on by impuJfe only. 

In addition to the experiments made on buc- 
ket-wheels, in which the water produces the ef- 

fcfl: by its gravity^ 1 fhall add a few made with 
flotat- wheels, on which the water a&s by impulfe 
only. If the wheel is confined in a channel, 
after the water has ftruck the float, it is retarded, 
and heaped againft the float; in which cafe, the 

Y water 
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water is afisng by impulfe and gravity combined. ■ 

In order to afccrtain, as near as pofTible, the * 
true cSc& of the impulfe, the following experi- 
ments were made. The theory (page 29) affigns 
no more than a comparative force to the water ; 
or, if a given quantity ifl'ues with a given vclo- 
.city, the eSed produced (hould be as the fquare 
of the velocity with which it ftrikes the wheel, 
and will of confequence vary with the velocity 
of the wheel ; and the velocity of the wheel will 
alfo vary with the refiftance. The e£fed of the 
ftream will be greateft when it ftrikes the floats 
in a perpendicular direction, and will diminifh 
as the obliquity incrcafes; and as the greateft 
fdrce is exerted on the firft float, it was* ne« 
ceflary, in thele experiments, to fix the floats a 
little inclined to the circumference of the wheel, - 
or inftead of the common direction ci, (Fig. 
xxxi) to dired them to the circumference of a 
circle bb, in the dircdion bs^ fo that the direc- • 
tion of the ftream may be nearly perpendicular 
to the firft float si^ which is aded upon till 
another intercepts the It ream, during which time 
its portion is conilantly changing* 

- * 

The velocity of the. ftream was 9^5 feet per 
fecond. The weight of water per minute was 

10 lb. The diameter of one wheel is 12 inches; 
but I take the circumference of that parit of. the 
flpiats. which was ftryick by the water to be a»f 

feet, 
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feet) and the circumference of the other at 4.4 
feet. The axle was truly turned, and fupported 

on fridlion wheels, and by 41 rcvoiuclons raifed 
a weight through 5 feet. 

Experiments with the 1 2 inch wbeeL 

TABLE IX* 



M 



bp 



60 

- *3 



"i^f — 
. 

o »- 



•It ^ 



e. 

> 



■n — 

it 

U4 



3 

£ 

8 
«^ 
w 



o 5 



I. 



I 3- 



7 
8 

9 

9l 
10 

II 



30 

33 

35 

37 

39^ 
46 

56 



10 

9.09 

«57 
8. II 

76 
6.52 

5-35 



_4- I 5 
|3-83|5 47 



I 5 I 6. I 7. I 8. 



3 45 
3-3 
3-1 



5.85 
6 

6«s 



2.91 6.39 
2.5 6.8 
2.05^7.25 



'O 

.7^ 72 
72.8 

72.9 

72.2 

.65.2 

158.8 



1136 
1 18.05 
118.8 
1 19.16' 
118.76. 
1 15.5 
107.14 



114.3 
11S.7 
1 18.9 
119.16 
118 
106.5 
96.1 



Experiments with the x 8 inch wbeeL 

TABLE X. 



M 9 '4'^ 
a, 10^ 45i 

3 " ^47 

4 I2i 52 



^ «3 

6; 144 



54 

66 



7.22 

6.6 

6.38 

5 77 
5-55 

4'54 



4-34 
3-95 
3-83 
3-47 
3-34 



4.96 64.98 

5 35 69.3. 

5.47.70.18 

5.83:72.12 
5.96 , 72 22 



2'73i<5.57|65 83 



106.61 
1 13.01 
114.47 
117.9 
1 18.6 
117.79 



105.9 

112.77 

II 4.4 

117.5 

117.65 

107-3 



While the 12 inch wheel makes 41 revolu- 
tions^ the part of the float which is (truck paflcs 

Y a over 
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over 115 feet, and the fame part of the i& inA* 
^eel moves 1S0.4 feet: hence the velocity per- 

fccond is found as follows; in cxperiuicnt 
Ag 30" : .1 13 feet :: i : 3.83 fqet, &c. . 

The velocity with which the ftream ftrikcs 
the wheel is alfo known, by fubtra&ing the ve»^ 
locity of the wheel from that of the (lreatii$ ^ 
in the firlt experiment, 3.83 taken irom 9.3,' 
leaves 5.47 for the velocity with which the 
wheel is (truck* 

i 

Alfo, As 30' : 5 feet : : 60" : ip feet, the fpace 
pafTed over by the weight in one- minute 5 which, 

fpace multiplied by the weight, gives the efic£t 
contained in the /ixth column. 

The greateft effect produced by the la inch 
wheel is in the fourth experiment, where 9 oz. 
is raifed through 8.11 feet in a minute; their 
produ^ is 72.^ for the aiaxinium. 

But the maximum in the 18 inch wheel is in 
the fifth experiment, where 13 oz. is raifed 5.35 
feet in a minute, anc^ their produd is 72.2, 
which is not quite fo much as that of the ^efs 
wheel \ and, indeed, the dijlt-rt nee would have 
been greater if the wheels had been.equaUy 
heavy, but the larger wheel weighs 1.2 QZt,. and 
the fmallcr iU>« 140Z.. It may alio, he pbferved, 

that 
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that tbo h^er wheel is in this experiment ra« 
ther ibort of the maximum, it^ velocity is 3.34 
inflead of 3.1, and in the next experiment it 
moves too fipw» or is decrtaiing in power. - ^ 

To compare the power with the effeS. — We 
have 10 lb. or 160 oz. of water falling through 
2.2 feet in one minute; their produ£t, 352,15 
the power ; the effeft is 73, or i-h of the power 

= But in the ovetfliot (fee page 143) the 

power is to the cffedt as 18 : 12.675, or as i : 
•704, or the effeft is of the power, which 
is 3.4 times as much as by impulfe, though in 
thcfe experiments we have the advantage of 
fri&ion-wheels, which were wanting in the ex- 
periments with the overfhot ; befides, the over* 
Ihot was encumbered with a fly, without which 
the motion would not have been regular. 

We may further obferve, that the effcdls ob- 
tained by multiplying the fquare of the velocity 
with which the water ftrikes the wheel, by the 
velocity of the wheel, as contained in the feventh 
column of the table, agrees, as near as can be 
expedted, with the experiments, till we come at 
a maximum; after which, the effeft, as found 
by experiment, varies from that computed by 
the fquare of the velocity \ and before this, the 
weights raifed are nearly as the (quares of the 
velocities with which the wheel is {truck. To 
^ compare 
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compare which, the eighth column is added, 
and is fouful by proportion* For as the ferenth 
is only comparative, if wc fay, beginning \^ith 
the maximum. Experiment 4th, Table 9th, As 
72.9, the real eflFejS, is, to 119.16, the relative 
effedt, fo is 72.8 to 11 8.9, the relative, &c. ; 
by which procefs, the eighth column .is foraged 
from the experiments, in order to compare them 
vitli the theory. 

« 

ON UNIFORM VSJLOCITT. 

A wheel turned by the weight or impulfe of ^ 
water has its velocity increafed till the refiftance 
becomes equal to the accelerating force. The 
refiftance may be of various kinds ; and in many 
cafes it may be not only difficult, but impoffible 
to bring it into a computation. See page 154. 
In the prefent obfervations, I (hall confider the * 
refiftance as arifing from the wei^t of the 
wheel,; and a weight to be raifcd by a cord 
fixed to its axle. 

■ 

The fbOowing experiments were made with a 

bucket-wheel 20 inches in diameter, and fup- 
ported on frifUon-wheels : the circumference of 
its axle 9 inches ; the whole weight of the 
wheel and axle 8 lb. ; the center of gyration is 
at 8*4 inches^ and the refiftance, at the diftancc 
of 10 inches, will be. about 9a oz« . 

TABLE 
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TABUS' Z» 



o 

z 


Weight raifed, 
in ounces. 


'SI 


1 

id 0 

-c s 

ii 


Time of rifingi 
5 feet. 


1 Velocity of the 
1 wheel, in feet, 
1 per fccond. 


Velocity, by 
computation. 


Ounces of water 
on the wheel. 


1 1 


7 1 


^" 1 


/ 




1 


I 


45 


3.5 OZ. 


80Z. 


i3i" 


2.48 


2.89 


2.68 


2 


85 


2-35 


10.85 


16, 


2. 03 


2. I 2 


3.28 


3 


12.5 


I 54 


1404 




^•55 


1.63 


4 3 


4 


165 


.98 


1748 


27 


1.24 


1.30 


5-37 


5 


20 5 


•7 


2 1.2 


32 


1.05 


1.07 


6 35 


6 


245 


•52 


25 02 


37 


.90 


.92 


7-4 



In the firft <»xpertment, the water-wheel re^ 
. volves 6.7 times in 131 reconds, and raifcs 4loz* 
through 5 .feet \ the velocity of the circumfb* 
rence is 2*48 feet per ibconcL 

In the fecond experiment, the wheel makes 
die fame number dF turns in i6v feconds, and 
raifcs 8zOz* through the fame fpace, &c. 

We are next to enquire, what weights applied * 
to the axle would turn the wheel, and dcfcend 
through 5 feet in 13,9 i6i, 21^^ &c. fecoods# 
(See Theo. 4, page. 1 14)* We have given,, 

* 

. # = 5 feet, the fpace pafled over by the weight. 
m =: the weight fufpended from the axle, 
fc^ =r 92 oz., the weight of the. wheel multiplied 

by the iqnaireoF the center of gyration, and 

divided by the fquare of its radius* 

f ?r;- /SI 
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1 = 10 inches, the radius of the wheel. 

r z= 1.42 inches, the radius of the axle. 
J the time of defcent. 

i6y the feet fallen through by gravity, in 
one fecond. 

Fit**/ * 

Then we have the weight m =: -m 

r: 7.02 oz., when / r: 13^ feconds; but when 
/ =r i6t, m = 4.7 oz. &c. Now, if 7 oz. falls 
through 5 feet with an accelerated velocity, by 
the laws of falling bodies, it would, at th^e end 
of the time, have acquired a velocity which, if 
equable, would carry it over 10 feet in the fame 
time. And the whole effed is equal to what 
half the weight would produce in paifing over 
the fame fpace in the fame time, with an uniform 
velocity. Half the weights found by the above 
theorem'are placed in the fecond column, under 
f, which being added to the weight raifcd, gives 
the whole refinance, as in the next column. 

To Jind the quantity of water upon the wheel. 

If the quantity delivered in one fccond> be 
multiplied by the feconds in which the wheel 
makes half a revolution, the produfi will be the 
whole quantity upon the wheel. 

Or, if half the circumference, in feet, is mul- 
tipUe4 by the quantity pec fecond, and divided 
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by the velocity, the quoticm will be the quantity 
upon the vhecL 

Let Q.=r the quantity per fecondl 
c ir half the circumference. 
v,zz the velocity of the circumference* 
m + ^ n ^ =: the fiim of the weight 
refiftance* 

• « 

* , • t • • 

Then will ^ = the quantity upon the wheel, 
which quantity will vary with the velocity* 

^ s the power applied at the circumfcrence# 

which will balance m + when in motion. 

Hence, f^t = S£f^' = ^bc efficadou. 
moving power ; and the refiftance is — + w + 

— by which divide the 

moving power, and we have '''^''.^ 

OCX* + v^vj"" + pvr* 

for the accelerating force, which, when the mo^ 
cion beconies uniform, muft be equal to the te^ 

tarding force, which will be exprefied.by -^-f-?^ 
= T^Jt^p'^ fr^"^ ^K** we find V = 

. • * . . • * * • • • - ■ , '■*>. 

. Z The 



PART TOtTKTH. 

The. value of v found by the theory, may 

next be compared with what it is in the expe- 
riment, in which we have given CL=: 2| oz., 
c = 2i feet, the reft of the notation as above, 
except which, it different in every experiment. 

• • • 

• « 

Ib Ae firfl: experiment ^ ^ 8, and' ~ = 

66.66 ' J prj o 
. = 2,034; and I — — r = -qS?, 

which raultipU<jd by gives 2.897 ^ 

In the fecohd, p =r 10.85, and 2.12, as 

in the table ; in which it appears, that the velo- 
city found by computation is, in every experi- 
ment, fomething too much: but the. difference 
is lefs .than could be expcAed, when we conflder 
the degree of accuracy which is required, in the 
quantity of water, the weight, diameter, inertia, 
.fri^on, fcc. 

'When Iialf the buckets are equally, loaded 
vnth water, and the wheel at reft ; if the whole 
weight of the water is multiplied by .6366, the 
pfodttd is. the weight which, if fu^nded from 
the end of the oppofite hbrimntd radius, would 
balance the whole* But, as near as I can diC- 
Gover by experiment, when the wheel is in mo- 
tion^ the effed is nearly the lame as if all the 
water in the buckets gravitated on the end of 
the horizontal diameter. If this is uue, it may 

be 
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be owing, iu part, to the velocity which the water 
has when thrown ^pon the wheel, and to the 
centrifugal force, by which it^cleevofifsto move 
in a tangent to the wheel But, in making 
computations, to be on the fafc fide, it will be 
better to multiply the quantity by .636$* 

When the refiflance is irregular, as in forges, 
tilts, faw-mills, rolling-mills, &c. it becomes ne- 

ceffary to add a fly, in order to preferve, ?iS nenr 
as may be, an equable motion, and to avoid 
fudden ihocks in the work* 

Where there is convenience, a large fly ought 
to be preferred. For if a fly of 1 o, and another' 

of 20 feet diameter, revolve in the fame time, 
the fmaller muit be 4 times as heavy as the 
others to produce the fame efied. 

In page 143, fib* is raifed 6 feet in 14a fe- 
cbnds, or through ai inches, the diameter of 

the wheel, in 42 feconds, in which time y lb. of 
water defcends through the fame fpace ; hence, 
two-fevenths of the whole is employed .iti over- 
coming the fridion, reftfiance, &c*, aad : the 

power is to the effed as 7 to 5* 

... • . . 

In the (ixth experiment of the laft table, 24.5 
oz. is raifed through 5 feet in 37 feconds, or 
through the diameter of the wheel in ift*95 fe- • 
• ^ • ^ . conds. 
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conds, in which time ^ 4. 5 8 oz; -yf water dc- 
fccnds through the fame fpace ; and As 14. t; : 
34.5328 5 : 7 03, fo is the effed: to the power, 
the fame as above, nearly. If more water is 
applied, the velocity is increafed ; but in the 
fame wheel, the ratio of the power to the efFeft 
will always be nearly the fame, at a maximum. 
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A 

Air, its rcfiftancc, 124 — 126. * 
Angular velocity, the fame under what circumdanccs, 3^." 
Application of water to wheels, 133 — 137, 

• ♦ 

B 

Buckets and floats compared, 159. 

c 

Center of gravity, what, 45 — problems concerning, 3 1 , 3^ 47. 
of gyration, 42 — problems concerning, 4^ 4^ 



-of ofcillation, 48 — 66. 



Centrifugal and centripetal force, what, 2 — problems con- 
cerning, 7— 18,— when equal in different wheels, ^ 

Circular motion, a machine for making experiments on, ill 
— experiments thereon, 1 35 — 141, — quantity produced 
by a given power, 36. 

D ' ' • 

Different quantities of water, their effects, 144—147 . 

E 

Experiments on the velocity of effluent water, 99— 104« 
on the impulfivc force of water, i^j, 1 14. , 

■ on emptying of veffels, 1 15 — ^with fyphons, 117. 

on the velocity with which water afcends into 
a vacuum, 119. . ^ 

Experiments 
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INDEX. 

Experiraenti on circular mottoD, 125 — i jo. 
——on the application of watcr» 

trn the Telocity of whceis, 137— with differe*! 
quantitief of water, 144% 
■ on the Hze of wheels, 147. 

p on the fall of water, 151. ... , . . ' 

■ OQ impulfc an4 gravity, 155. 



F 

Floats and buckets compared, 159. ^ 

Fall of water, i^i — 155* 

Force of a moving bar, how computed, 42. 

Fridion, . . / 



Grinding ftones, their velocity, kc. 
Gyration, center of, how found, 42, 44, 63. 



Inclined plane, afcent of bodies thereon, 20. 
Initial velocity of a machine, 8cc. 19, 36, 56, ^8, 59, 6^ 
Impulfe of water, iii — experiments thereon, 1 14. 
Impulfc and gravity compared, i55-^'i9* 



Xcvcr, its grcatcft effeA dcmonftratcd* 24 — ^problems co«- 
; ccrning, ^ &G. > 

■ M ^ . • ^. 

Machine for circular motion, I2r. . . ' . . 

f-^r mcafuring the force of a ftrearo, 
Methods of computing the force of moving bodies, 24. 
Momentum of a moving bar, 32. 



O 

Ofcillation, center of, 48, ^ 6^ 
Pcrcuffioq, center of, what, 48^ &Ck 



Reiiftanec 



INDEX. 

' • • . ; R ; 
Refinance of the air, 124 — 12^ 
of machines, i54» 

a 

StCTitn engines, theory of, ^ 5 — 94* 

Syphons, experiments with, 117. .. .. 

T 

Time of emptying veffch, 1 1^. * ' * . : 

Vacuum made by water, 120. • - ' 

Velocity of water, through thin plates, 99 — throagli confs» 
100— how mcafurcd, 98 — through notches, 103-^1089 

— into a vacuum, 1 18, i T9. .' 

Velocity of watcr-whecU, 107 — when different quantities o^ 
water are applied, rj, 18, 144 — quantity commuDicated 
to a wheel by a given power, |5, 41, ^ 6$. 

Velocity angular, the fame under what circumftances, 3^ 

/ W 
Wajcr, how heft applied to wheels, 153^1 J7,—effcas of 
different quantities, 144— H7»— velocity through fy- 
* phons, 1 17— its velocity obtained by emptying veffels, 1 14. 
Wheels driven by impulfe, their maximum, 29, 161 — what 
magnitude to prefer, 147— their velocity, which 

bcft, 137—^44' , ^ r • 

Wheel and axle, its maximum, at the end of a given tmac, 

. 66 — at the end of a given fpacie, 73> 77> 7^* 



FINIS. 



ERRATA. 

Page 4, nne 7, for ^ read ^\ p. ^fL lO,/or~ r. 1^; 
f. jjj. 10, era/e per fecond ; 7, A ri^ r. 15.279 feet per 
fecond ; p, L 8, for x 2 X J' » 2» ^ LZi ^-44 
f*. 2.59» the diameter of the circle of gyration ; p, L i_2» 
/or and r. then ; /. 26« /, 17, forw -^- ax r, tvi + ax ; p» ^1, 

I 8,/or fl^ 4- flw r. JF + «w; ^. 51, /. 13, — &c. r. 

&c. ; ^. £^ A 20i /or ^ r, in the denominator ; p, 62, 
in problem xxx, adJ vf =: p, C^, L lS,for zz 2x r. 

42 X 2x 5 p^^ L^4,for -^-Irn^L—^ ; — ; 

p>6j,L'h/or 2^ r. .263 ; /. 62, A 7>/gr -7 r. ~ • 
/. 72, A 12, for venculum r. vinculum. 
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